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Preface. 


In these notes, the Shale-Weil representation of the 
symplectic group is discussed, as well as some of its applications 
to number theory. 

The monograph is composed of two parts: 

In Part I, written by Gerard Lion and Michéle Vergne, we 
introduce the Shale-Weil representation and establish a relation 
between its cocycle and the Maslov index. 

In Part II, written by Michele Vergne, applications of 
§-~series to liftings of modular forms are given. 

Although the results of the first part enlightens the 
exposition of the classical transformation properties of 
e-functions, a reader mainly interested by these applications 
to liftings could read directly the second part with an eventual 
glance to earlier paragraphs. The two parts have separate 


introductions and bibliographical notes. 
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Part I: The Shale-Weil representation 


and the Maslov Index. 


by 


Gérard Lion and Michéle Vergne 


1.0. Introduction: 

Relations between symplectic geometry, Maslov index, 
representations of the Heisenberg group and the Shale-Weil 
representation of the symplectic group are discussed in this 
chapter. We first give in 1.1 the basic definitions and 
properties of symplectic vector spaces, Lagrangian subspaces, 
the Heisenberg Lie algebra and the action of the symplectic 
group of those objects. 

The Schrédinger representation of the Heisenberg group N 
associated to a Lagrangian plane £ is constructed in 1.2. 

We prove in 1.3 the Stone-von Neumann theorem which asserts 
that all unitary representations of N whose restriction to the 
center of N acts by the same non-trivial character are essentiall: 
the same: two such irreducible representations are equivalent. 
Although this uniqueness theorem underlies the construction 
of the Shale-Weil representation R, we will give however a 
direct construction of R, independent of the proof of this 
theorem. Thus results of Section 1.3 will not be needed sub- 
sequently. 

The Schrédinger representations Wy, and Wy, of the 
Heisenberg group associated to the Lagrangian planes £ and J! 
are equivalent: we give in 1.4 a canonical choice of an operator 


ve g such that: 
Wy(n) = Fury W, ,(n) Srv for every ne N. 


(This operator in appropriate coordinates is a partial Fourier 


transform. ) 


Before going further, we have to introduce, in 1.5, the 
Maslov index of a triple of Lagrangian planes: Let (V,B) be 
a symplectic vector space, has L,, and he three Lagrangian 


planes, then 
2193 (x1 Ox, 0x3) = B(x) 5X5) + B(x55x3) + B(x35X)) 


is a quadratic form on £,@ 4 ® A3, which can be diagonalized 
with p times the eigenvalue 1 and q times the eigenvalue 
-l. <A modified definition of the Maslov index 1(h, 54,543) due 
to M. Kashiwara is r(4, 545543) = sign Q103 =p-q. We prove 
in 1.5 that this Maslov index verifies a fundamental chain 
property. 

The symplectic group G acts on Lagrangian planes, on the 
Heisenberg Lie algebra ™”™ and on the Heisenberg Lie group N. 
If Wo is the Schrédinger representation of N associated to 
£, the representation W'(n) = Wy (g-n) is equivalent to Wy: 
The natural action A(g) of the symplectic group on functions 
on N transforms the representation Wo of N into the 
representation n> We .g(6-n)- The Fourier operator ee 
intertwines the representation Weg with Wo. Thus the 
canonical unitary operator Ry(g) = Fo ed A(g) satisfies the 


fundamental relation: 
-1 
Wj(g-n) = Rg (g) Wy (n) Rg(g) , for every ne N. 


We prove in (1.6) that 


it 
t(2 4 4 ) 
; i soe 17°2?"3" 54 


ip = 
bb, fi, eee 


and deduce from this formula that 


Ry(@i85) = Cg(8ys85) Ryle,) Ryle) 
AT .(L,¢,8 y 
- a ( 98) 98185 ) 
with Cy(8158>) =e ; 
It is known that the Shale-Weil projective representation 
Rp is not equivalent to a true representation of G. 
We construct in 1.7 a function s(£,54,5), defined on couples 
(2,525) of oriented Lagrangian planes, invariant under the 
action of the symplectic group. Let us write 
it 
te yf A ) 
ivtgtjse Fs, 


we prove the relation 


c(2,sLys8 Set) s(f5b3) 50-30.) 
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This leads to the eases of Shale and Weil that the projective 
representation Rp is equivalent to a true representation of the 
metaplectic group, a double covering of G. 

The Section 1.8 is devoted to the construction of the 
universal covering group G of SL(2,R) by elementary means. 
Some explicit formulas for the Shale-Weil representation of G 
are given. 

Let A be the manifold of all Lagrangian planes of (V,B). 
In Section 1.9, we use the chain property of t+ to 
construct both universal coverings of a and of Sp(B). We 


here use the fact that the function (g,28) > (2 61458 ,8o4) 


is a Z-valued cocycle of Sp(B). We relate our construction 
of the Maslov index to the formulas in coordinates of Leray 
and Souriau. The results of this section are independent of 
the rest of the notes. We follow in the Section 1.9 (as in 
many other parts of these notes) an idea of M. Kashiwara, and 
we are happy to thank him. 

The appendix extends the notions of Part I to a local 
field k. The Kashiwara index 1 (2565543) is then defined to 


be the class of the form 2153 in the Witt group W Thus 


“" 
we obtain a canonical cocyle of the symplectic group G = Sp(n,k) 


with values in W,. We define a function s(2 525) on couples of 
oriented Lagrangian planes, invariant by the action of G. We 
describe then the metaplectic group, using this function s, and 
prove as in 1.7 that the Weil projective representation of G 
lifts to a representation of the metaplectic group. The results of 
this appendix are due to Patrice Perrin. Similar results had 
been obtained independently by R. Rao. 

Bibliographical notes are given at the end of Part I. 

The second author gave a seminar in 1978-79 at the 
Massachusetts Institute of Technology on these subjects and 
thank the participants for several improvements of the text, 
especially Martin Andler, Victor Kac, Steve Paneitz, Carolyn 
Schréeder and Bob Styer. We thank Patrice Perrin for discussions 
on his results and Masaki Kashiwara for communicating some 
unpublished texts. 

Our thanks go to Sophie Koulouras for the patient typing 


of the text. 


The Shale-Weil Representation 


and the Maslov Index 


Lady Symplectic vector spaces and the Heisenberg Lie algebra. 


let V be a finite dimensional real vector space. Let B 
be a non-degenerate skew symmetric form on V. Hence dimvV is 
even. Let dim V = 2n. Then we can choose a basis (P,, Pi, e%8, 


Pie Qp» Qos 28%, Q ) of V with the relations: 


n 
De beecdes B(P,,P,) = 0 B(Q; 54) = 0 


We will call such a basis a symplectic basis of (V,B). 
We consider the Lie algebra 7” = V + RE, with the bracket 


law defined as follows: 


B(X,Y)E, if X,Y eV 


ul 


[xs¥] 


[N,E] O, ine. RE is the center of 7%. 


li 


7 is called the Heisenberg Lie algebra. If (P5595) is a 
symplectic basis of (V,B), the Lie algebra 7” has as basis 
(Pi sQ,95) with the Heisenberg commutation relations, or "canonical 


commutation relations: 


1.1.2. [P,.9,] = 6442 
[Pi »P,] = 0 
[Q,,9,] = 0. 


Let A, be the associative algebra of differential operators 
with polynomial coefficients on ¢” and the corresponding bracket 
(D,,»D,] = D,D, - D,D).- The algebra A, is generated by 
Ps 35) ay = xy satisfying the canonical relations 
[Py oa] = O45 The corresponding representation Py > Py 


Q,; ~1a, E> ilId of 2 will be of particular importance to us. 


We will use some simple lemmas for symplectic spaces: 
If L is a subspace of (V,B) we will denote by L* the 


orthogonal complement of L in V_ relative to B, i.e. 
LY = {x € V; B(x,y) =O Yy eV}. 
We then have: 


Teleze a) (dim L) + dim(L*) = en 


bo) (Lt)*+ = 1 


pe i a 
c) (Ly + L,) = Ly sine te 

4 i iL 
d) (Ly qn L,) = Ly +15. 


a), b), c) are clear; d) is easily deduced from c) by using 
the relation (L*)* = L. 
If a subspace £ of V is such that £= 4°, 4% is called 
a Lagrangian subspace of V. We have then B(x,y) = 0 for 
every x,y € £, hence £ is totally isotropic with respect to 


the form B; moreover if x is such that B(x,#) = 0, then 


x € £3 i-ew £ is a maximal totally isotropic subspace of 


(V,B). 


Lemma 1.1.4. Let #£ be a Lagrangian subspace of (V,B). 


There exists a Lagrangian subspace 4' such that 4@ t' = V. 


Proof: Let 4h be maximal among the totally isotropic subspaces 
such that £' 9 £4 = 0. Hence we have + £+ = V. However 

we have i cht 4, for otherwise, we could choose x € th 

and not in £ + 41 and the subspace £6 contained in £t + IRx 
would not be maximal. Hence we obtain £6 + 4 = V, which is the 


equality required. 


1.1.5. Hence given 4 a Lagrangian subspace, we can find 4! 


such that 4£@ £' = V3; the bilinear form B clearly induces a 


pairing between £ and #' = V/£. SO we can choose a 
eympt cree basis Sat Pos tts Pig Qis Qos °*'s Q,) such that 
L= = RP, ; i= TRQ,- 

i=l i=l 


1.1.6. We define the symplectic group G = Sp(B): By definition 
geéeG if g is an invertible linear transformation of the vector 


space V preserving the form B, i.e. for every x,y € V; 


B(gx,gy) = B(x,y). 


1.1.7. Let V =RP@mRQ, with B(P,Q) = 1, be the two dimensional 
canonical symplectic space. Then g = (C =) belongs to Sp(B) 
if and only if B(aP + cQ, bP + dQ) = B(P,Q) =1, i.e. ad - be = 1. 


Hence the symplectic group for a two-dimensional symplectic vector 


space is isomorphic to SL(2,R). 
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1.1.8. Let V bea 2n dimensional symplectic vector space. 
We choose a decomposition V=4£062' of V_ into two 
complementary Lagrangian spaces. We write x for an element 


of £ and y for an element of £'. We write an element g 


of G-=Sp(B) as g= (245), with 


az £2>h , bd: LI >8 
ec: 2>2', a: £1 > 2! 


The conditions for g tobe in G are: 


B(g-x,g:x') = 0 x,x'e £ 
B(x,y) xe, ye 2! 


B(g-x,e-y) 


Blg-y,g-y'!) = 0 ysy' € &! 


We identify £2 and £'* ana &' to (£)*, via the bilinear 


map Blx,y), x ¢© 2, ye 2'. 


We identify £' with £2” via x-~>B(x,y) for ye &'. 


1.1.9. Hence these conditions are equivalent to: 


Coe = Lay 
tad - Sob = 10 
q t 


i 


a t t 
As g¢g 1 € G we have also 84 = Aree ab = va, a d=) Ci 1d. 


te x eh, ye st, and u: £' > £', then: 


B(x,uy) = B(*ux,y). 


1.1.10. From 1.1.5, we see that the group G acts transitively 
on the couples (£,£') of transverses Lagrangian planes, as 


n 
they can be transformed to the canonical pair £= £ RP, 
n j=l 

Zi= & 


RQ; by a symplectic automorphism. 
i=l 


W 


1.2. The Heisenberg group and the Schrudinger representation. 
We consider the Heisenberg group N as being the simply 


connected Lie group of Lie algebra ”. Via the exponential 
map exp, N is identified with the @n+ 1 vector space 
V +IJRE with the multiplication law: 


t 
exp(v + tE)-exp(v'! + t'E) = exp(v + v' +(t + t! + Blygv' ds) 


where v,v' e€ V, t,t' eR. 


For dv the euclidean measure on the vector space V, 
av dt is the Haar measure on N. (dv dt is invariant by 
left and right translations. ) 

The subgroup {exp tE} is the center Z of N. 

The group G = Sp(B) acts as a group of automorphisms 
on N by ge(exp v + tE) = exp(gv + tE). In particular G 


preserves the center Z of N. 


1.2.1. Let &£ be a Iagrangian subspace of (V,B), then 
£+I]RE is an abelian subalgebra of 7. We consider the group 


L = exp(£+IRE) which is an abelian subgroup of N. 


1.2.2. Let us consider the function f(exp v + tE) = goat on 


the group N, f is a function with values in the torus 
T= {zec, |z| =1}. It is immediate to see that f restricted 


to L defines a character of L, i.e. 


f(hjh,) = f(h,)f(h,) for h,»h, ¢€ L. 
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(If we order the pairs (H,¥) of a subgroup H of N_ together 
with a character ' of H via the relation (H,4) < (H,.¥4,) 
if HCH, and 4,14 = 4, it is easy to see that the pair 


(L,f) is maximal for this order.) 


1.2.3. Let us consider (4,4') as in (1.1.4). Every element 

n of N can be written uniquely as n= exp y' exp(x + tE), 
with y't ¢« 4', xe 4, t eR. Hence the coset space N/L can 

be identified with 4£', The euclidean measure dv' on 4! 
defines on N/L a positive measure dA invariant by the left 
action of N on the homogeneous space N/L. We recall that such 


a measure df is unique up to multiplication by a positive constant. 


1.2.4. We consider for a given Lagrangian subspace ¢# the 
representation W(4£) induced by the character f of the group 
L. W(£) is the Schrddinger representation of N associated to 


4. We write 
N 
W(£) = Ind f f. 
L 


By definition of induced representation, W(4#) is realized as 
follows: The Hilbert space H(#) is the completion of the 


space of continuous functions gm» on N_ such that 


1.2.4. a) (nh) = t(n)7*»(n), for every neN and every he L 


1.2.4. b) The function n-> |p(n)| on N/L is square integrable 


with respect to the invariant measure df on N/L. 
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The norm of oo is: 


loll = [ lon) |* an . 
N/L 


The representation W(#) is defined to be the representation 


of N in H(£) given by left translations: 
sei (W(4)(n5)o) (n) = o(ngn) for o e€ H(%£), No ¢ Ne 
As exp tE is in the center of the group N, we have: 


o((exp - tE)n) 


(W(2)(exp tE)@) (n) 


o(n exp - tE) 


a elt, (n) 


_ _2imt 
ise. W(£)(exp tE) =e Tdi( a) 


where Idis( 4) denotes the identity operator on H(t£). 


1.2.5. Let us consider (4,4') as in 1.1.4. Each element of 
N is written uniquely as n= exp y-exp(x + tE) where 
yest, x € £. Hence, if o € H(£), the condition 1.2.4 a) 


ent (exp Via Cy ets 


is written as o(exp y-exp x-exp tE) =e 
xéek, teE). So om is completely determined by its 
restriction to exp £'. Hence the application » > oly) = (exp y) 
defines an isometry R of H(£) with LF (21), The representa- 
tion W(n) = RW(n) RB? acts on L?(2") by the following 


formulas: 
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(wexp x)m)(y) = e@t™BC Wey) xe tl, ye 2! 
(Wexp yo)o)(y) = oly - yo) Ys Yo € 4! 
w(exp tE) = gore. 


Let us consider x = x,P,; yr. 525 as in 1.1.5. Then 
L°(4') is identified with L°(R"). We consider the space 
A; (R") of rapidly decreasing functionson mR”, Then it is easy 


to see that if 
ai 
xen, f e 4, aAW(X)ef = 3F w(exp tX)-f {5 


defines a representation of 7, which is the infinitesimal 
LA 
representation associated to W. From the preceding formulas, 


we see immediately that 


aw(P.) = 2inx, 


“ 3 
dw(Q,) = - x, 


dW(E) = 2irld. 
In a sense to be made precise, this is the unique representation 


of 7 which can be exponentiated to a unitary representation of 


N. 
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1.3. The Weyl transform and the Stone-Von Neumann theorem. 


1.3.1. Let G bea topological group. A unitary representation 
T of G in the Hilbert space H is a homomorphism g > T(g) 
of G in the group of unitary operators on H (i.e. 
T(g, Eo) = T(g,) T(g,). We also require the continuity of the 
maps from G to H given by g->MT(g)x for every x eH. 

There is an obvious notion of equivalence: if (T,H) and 
(T',H') are two representations of G in H and H!, we say 
that T~T! if an isomorphism I: H >H' exists such that the 


diagram: 


is commutative for every geG. 
ir qT and Ts are tworepresentationsof G in Hy and 


Ho» we can form T= Ty © T, represented in H = Hy @ Hy by 


T, (g) 


We say that T is irreducible, if T cannot be written as 
T,® Tos or equivalently if there is no closed subspace Hy of H 
stable under all the operators T(g). 

let H be a Hilbert space, we will denote by H the same 
space H, but with the multiplication law tex = tx and the 
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scalar product <x,y>_ = <x;y>,.- An isomorphism of H and H 
H 
is then given by an antilinear map ¢: H > H, such that 


- if T is a unitary representation 


a(x) = Xa(x), lo(x)!) = |x! 
of G in H, the same formulas for T(g) define a unitary 
representation of G in H that we denote by T. If we have 
defined ¢: H >H an antilinear isomorphism between H and H, 
the representation T is equivalent to the representation 


e7+.0.¢ onthe Hilbert space H. 


po be two Hilbert spaces; we'consider the Hilbert 


space Hy Q H, ? Hy @ H, is the completion of the vector space 


Let H 


spanned by finite linear combinations Dy Vi @ Wis Vy € His 
i=l 
Ww, € H, for the natural inner product such that <v, ® Wy: 
Vy @ Wy? = <VysVy><Wi Wo? IE (e,) is a Hilbert basis of H, and 
(£5) a Hilbert basis of H,, then e, @ f, is a Hilbert basis 


of Hy ® Hy Also Hy @ H, is the Hilbert sum of the Hilbert 


subspaces (Hy x Cf). If we are mainly interested in 
Hy,» we will say that Hy @ H, is a multiple of the space Hj); 
with multiplicity equal to dim Ho» i.e. finite or +, 


Let T, be a unitary representation of G in Hj We 


1 
consider the representation T of G in Hy ® H, given by 


T(g) = T, (g) ® Id, , where Id denotes the identity operator 
2 


i 
2 
on Ho: We will then say that T is a multiple of the 


representation Ty (with multiplicity dim H,) H, @ H, 
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can be written as @ (Hy @cf,) and T=@ Te) @ ler « 
J J J 
let T be a unitary representation of a Lie 
group, with a left invariant Haar measure dg, on a Hilbert space 
H. We define the space H of Cc vectors for T by the 
following condition: x¢H if the map g->tT(g)x is oc”. 
Let o be a function with compact support. We can form 


the operator: 
T(~) = [ o(g) T(g) dg, fee. 
<T(o)x,y> = J ole) <T(g)x,y> dg . 


This integral makes sense if 9 is in t+(G,dg), or if x is 
in H and e(g)dg a distribution with compact support. For ‘Dy 


and 9 continuous functions with compact support, we form the 


2 
convolution product 07 *G D> defined by: 


(p) * )(g) = Je) 0(u"*g) dt 


We have 


Loe ©,)(g)¥(g)dg = JD one) ea (h) ¥(eh) ae dh 


if wb is continuous with compact support. Thus we have defined 
a structure of algebra on the space of continuous functions. 
with compact support, as well as on t(a) or on the space €'(G) 
of distributions with compact support. 

The following proposition is immediate to prove: 
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If m satisfies 1.3.3 a), the function o*(n) = (n=) 


also satisfies 1.3.3 a); thus identifying » with a function 
on V, we have o (v) = o(-v). 

If m satisfies 1.3.3.a) the function n> o(ng"n) as 
well as the function n> (nn) satisfies 1.3.3.a) (for Ny € N)3 
we will denote them by ny *, 9 and 9 *3 no» (convolution with 
Dirac distributions). 


If Ny = @XPD Ups identifying om with a function on V, 


imB(u,,u) 
(A) *,?)(u) = e ne (u-U,) 


imB(u,Uo) 


(p*, No)(u)= e o(u-u,) : 


1.3.6. From Proposition 1.3.2, we deduce: 


a) Wolo, *3 ,) = Wl) © Wn, ) 
db) Wa(o*) = Wy(o)” 


c) Wp(ng *3 7) = T(no) * Wp(o) 


d) Wale *3 No) Wrlo) : T(no) e 


1.3.7. We consider T = W(£)3 we will now see that the 
Weyl transform W extends to an isomorphism from the space 
L°(v) to the space of Hilbert-Schmidt operators on H(%). We 
recall some facts on Hilbert-Schmidt operators: 

Let H be a Hilbert space. We recall that a Hilbert- 
Schmidt operator A: H>H on H is an operator such that 


for some orthonormal basis (e, ) of H;, 


> iJ i,j i,j 
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amass one Lebesgue measure on RE/ZE. 
‘f function satisfying 1.3.3 a) is determined by its restriction 


to exp V. Hence the space of continuous functions on N satisfying 


1.3.3. a) is identified with the space of continuous functions 
on V. We still denote by o(v) = (exp v) the restriction 
of o to V. 


Iet T be a unitary representation of N satisfying 
T(exp tE) =e Id 

Then T is a representation of B. We form 
1.3.4. Wale) = T(p) = J ea = a v)dv 


for a continuous compactly supported function on V (or B). 
Wrlo) is the Weyl transform of the functions . We will also 
consider Wr) for » a rapidly decreasing function on V. 
Compactly supported continuous functions satisfying 1.3.3. a) 
form an algebra under the convolution product on B. We have 
then defined a structure of algebra on the space of continuous 


functions with compact support on V. We have: 


(9, %,%) (exp v) = Joy (exp u) oy (exp -u exp v)du 


= J oa fexp u) 0, (exp(v-u) exp - Bias) E)du 


= J orlexr u) (exp (v-u)) ei™B(usv) a, 


1.365. (to) *3 m.) (v) a Jets) > (v-u) eiTB(usv) ay = 


ij 

with K, (sy) = e, (x)es(yJ. 
The Hilbert-Schmidt operators are of the form 2 aig e, @ e, 
with = i < m3 hence K(x,y) = 2 a..e.(x)e.ly) is such 

ij 1jJ i J 
that 
2 2 

J [K(x,y)|° dxdy = 2 lay |<, 

Thus the operator associatiu to the clement x as; e, @ e, 


of H@H is the operator | K(xsy) o(y)dy with K(x,y) = 


p> as e,(x)e,(y). Let us remark here for later reference: 


J 
that if Vo L°(v) is of norm 1, the projector P: H > Ci, 


given by P(m) = <o,¥ >t, is given by the kernel K = bolx)¥oly)- 
1.3.8. We now prove 


Proposition: let T = W(Z); the Weyl transform W = W, extends 
to an isomorphism from L*(v) to the space of Hilbert-Schmidt 


operators on H(2). 


Proof: We have 


We write V =2£!'@2 according to the choice of 4,£' as in 


Teds Hence 


Wolo) = ff olytx) Tlexp(ytx)) dydx, ye £1, xe 4 
-imB(y,x) 


= [J o(y+x) tT(exp y) T(exp x)e dxdy. 
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let us identify H(Z) with L°(£') as in 1.2.5, and we write 
Wale) -f for fe 17 (21) 


(Wp(@)-£) (4) = ffe7t™B>*)o(yex) (W (exp y)W (exp x)£)(2) axay 


e2iTB(x, r-¥) ( 


y+x) f-y) dxdy 


e [fen MB(y x) 4 ( 
Changing y to #*” = y, we have 
_ [fen 2TB( 8-92) (g_yax) e@TB(%Y) p(y) aay 
= [fet™BQ% 84) 5 (e_ysx)e(y) dxdy. 
Hence if we define: 
Ky (Psy) = fet™B (xs 94") oe yen) dx, 


we have written Wr) as a kernel operator, i.e. 


Q K(8sy)f(y)dy. 


(Wrlo)t(e) = f 


To prove our proposition, we have to see that if  « L(V) the 
corresponding kernel Ko € re (2! x £'). The bilinear form 
B(x,#)(x ¢ £2, # € £') defines a nondegenerate bilinear map on 


£ x £', Hence the partial Fourier transform 
-21iT7 id 
(Fo)(ys2) = fe B(x y(yex) ax 


is a unitary isomorphism from re (g! @® £) onto LF (4 x £'), 


But our kernel is then 


(K,) (sey) = Fo)(s-y, ~ 35) 


which is clearly in Le (4! x £'). Hence our proposition is proven. 
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If m satisfies 1.3.3 a), the function o*(n) = mtn) 


also satisfies 1.3.3 a); thus identifying ™ with a function 
on V, we have o (v) = o(-v)- 
If m satisfies 1.3.3.a) the function n> »(ng"n) as 
well as the function n> (nn) satisfies 1.3.3.a) (for Ny € N)3 


ei 
we will denote them by Ny *2 om and *3 Ny» (convolution with 
Dirac distributions). 


If Ny = eXP Uos identifying m with a function on V, 


1.3.6. From Proposition 1.3.2, we deduce: 


a) Werle, +3 ,) = Wp (e) © Worl) 


c) W(no *3 m) = T(no) * Wyo) 


mm *3 No) = Wnlo) bs T(no) ° 


1.3.7. We consider T = W(£L); we will now see that the 
Weyl transform W extends to an tsomorphism from the space 
L“(v) to the space of Hilbert-Schmidt operators on H(#). We 
recall some facts on Hilbert-Schmidt operators: 

Let H be a Hilbert space. We recall that a Hilbert- 
Schmidt operator A: H>H on H is an operator such that 


for some orthonormal basis (e,) of 4H, 


z llae, lI = E[<Ae,,e,>/° = z|<e,,A*e ,>|° = Ela, 41° <0, 
1 iJ a | i,j 
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This sum doesn't depend on the choice of the orthonormal basis 
(e,) and is denoted by alle og: For A and 6 iilbert-Cchmidt 
operators, B’A is of trace class and <A,B> = TrB“A = 

= <B*Ae,,e,> = = <Ae,,Be,> defines a scalar product on the 
a F #5 (E) of Hilbert-Schmidt operatorson 4H; hence YL #,.(H) 
i, g'*) = 


<X,€57E ze Let x,y € H, we define the rank one operator 


is a Hilbert space, having as basis the operators E 


E. _(v) = <v,y>x on H. Clearly E is Hilbert-Schmidt and 
X5y X5¥ 


= >. 
Ry ayy ee 


Hence as the map x,y > EY. y is linear in x, antilinear in y 
3 


we obtain an isometry from H®H_ onto Y#2(h). 


Let us suppose now that H = L* 


(E,dy) where (E,dy) is 
@ measure space: We will see that the space of Hilbert- 
Schmidt operators on L°(z, dy) is equivalent to the space 

= 


L(E xX E,dxdy) of square integrable functions K(x,y) on EXE 


via 
(Ko) (x) = [ K(x,y)e(y)ay 
let (e,) be a Hilbert basis of L°(E). We denote by 
(e, ®e,)(o) = <wse> ey. 


Hence 


((e, @ e4) (»)) (x) <3e > e, (x) 


(J oly) @,(y)ay) e, (x) 
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1.3.9. Corollary: If U is a bounded operator on H(4) 
commuting with all the operators W(£)(n) for neN then 


U is a scalar operator. 


Proof: Let U: H(Z) > H(£) commuting with all the operators 
wW(£)(n) for every n, then U commutes with the operator 

Wplo) for o function on V_ which is compactly supported and 
hence by continuity with all the operators W(y) for pe iF (v), 
in particular with all the Hilbert-Schmidt operators. Taking 

a Hilbert basis (e,), the relation U (e, @ e,) = (e, @ es) U 

for every (i,j) implies immediately that U =. Id for some 

h é€C. It follows that there cannot be any closed invariant proper 
subspace H, of H(£Z) (the projector ae has to be Id, by 

the preceding corollary). Hence the part a) of the theorem is 


proven. 


1.3.10. Let us fix £=2£,, £1 = £3, Hy = H(£,) = 1° (£4), Wy = W(£5) 
We remark that,if 9), ) belong to the space JS(v) of rapidly decreas 
functions on V, then , *, ® € A (V). Hence we have defined a 
structure of (noncommutative) algebra on 4 (V). In the Weyl 
transform given by Wo the corresponding kernel K,(8sy) for 

» ¢ A(v) is a rapidly decreasing function of (f£,y), and we 

obtain this way all the operators with rapidly decreasing kernels. 


Now we will prove the Stone-Von Neumann theorem. Let us 
first sketch the idea of the proof: via the Weyl transform Wr ’ 
e) 

we have identified the algebra (4 (v),*,) with a subalgebra 


Cf of operators on H If (T,H) is a representation of N 


9) 0° 


26 


into a Hilbert space H satisfying T(exp tE) = goat Id, the 


Weyl transform W,, defines a homomorphism of (3(v),*5) into 


T 
a subalgebra (Cl of operators on H. Hence we obtain a homomor- 


phism o: &, > (Of of algebras such that (A*) = o(a)”. 


Let us recall that if V and V are two finite-dimensional 


0 


complex Hilbert spaces, and a homomorphism from End.Vo to 
End,V satisfying o(a™) = o(A)*, (1) = 1, then there exist 


V,; and an isomorphism I: Vo ® V, > V_ such that for 


-1 
A € Endy Vos o(A) = Ie(A® Tay.) a 


We will give here the proof for the finite-dimensional case as 
our proof in the general case will be similar: 
let x, € Vy) with IIx, II = 1; we consider P, the projector 


P, (x) = <XyXiPXy) on the one-dimensional space Cx,3 we have 


Pe = P 


1 ns 
Let us consider p(P,). First we remark that o(P,) #0. 


oe at 
Py orca Pi. 


In fact we can find (x15 Kos tts x) an orthonormal basis of 


Vo starting with Xj- We denote by P, the projector on Cx, 


If g, is any operator on V_ such that g, (x) = X,, then 
g5P 16; = P,. Hence z g,Pia; = Id, . Applying the homomorphism 
i O 
©, we obtain hen (ge, )o(P,)o(g;)™ = Id, so p(P;) #0 and 
verify 0(P,F = e(P,), (P,)” = o(P,), i.e. o(P,) is a projector 


n 
on a subspace V, of V. From the relation & o(g,)o(P,)o(g,)"=1, 
i=l 
we see that every element of V is of the form 
n 
= o(g.)ws with w, € V,. We consider the surjective map 
i=1 
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I: V)@V, >V defined by I(A+x) @w) = o(A)w. This map 


is well defined as,if (A-B)x, = 0, (A-B)P, = 0, then 


1 1 
(p(A)~9(B) )@(P,) = 0 meaning that o(A)w = 9(B)w for we V}- 


Clearly now I(Ax @ w) = o(A)I(x @ w) and it is easy to conclude 
the proof. 
Now we come back to our case. Let us choose a function Vy 


in A (') such that We consider the projector 


Hall ecg 7 


1 on C¥,, P, is given by the kernel WY) ¥, (x) and hence 


is of the form Wolo.) for 9, € A(v). As P) is a projector 


P 


on the one-dimensional subspace cy, we have Pe — Pi» Ps = Pi; 


Pye Wo(n) » Py 1 


1.3.6 the function Oy satisfies 


=a(n)P, with a(n) = <Wo(n)¥5,4)>. Hence from 


Less 07 *3 9) = 7 = ys *3 n *3 0) = a(n)o,. 


AS eA(V), we can calculate W(%,) for any unitary 


representation (T,H) of N satisfying T(exp tE) = Beale Id,,- 


1.3.12. Lemma: The space H is generated by the elements 


T(n)W»(o,)*x for neéeN, xe H. 


Proof: Let y ¢€H be such that <ysT(n)Wplo,) 20> = 0 for 
every neN, x € H. We compute for n, = exp u, 


ek 


6) 


<ysT(no)Wn(~,)T(ng)7~-x> = 0 = J <yoT(exp u)T(exp v)T(exp -u) x@(v) dv 


J <ysT(exp(v+B(u,v)E))-x>¢fv)dv 
V 


2imB(u,v) 5, =0 


f <y,T(exp v)x>a{v)e 
V 


28 


Our function o(v) <y,T(exp v)x> is a continuous function in 


it 


(as av) € A(v) and |<y,T(exp v)x>| < fly'!llxl] is bounded). 
The preceding equality means that the Fourier transform of this 
function with respect to the bilinear form B(u,v) is identically 
zero. Hence o{v) <y,T(exp v)x> = 0. As 1 is not identically 
zero, there exist Vo such that <y,T(exp Vo) = Q for every 
x € H. This implies <y,H> -: O hence y = O. 

Now from the relations 1.3.11 and lemma 1.3.6, we deduce 
that Werle, ) is a projector on the subspace H, = Wp )H of H. 
As in the finite-dimensional case, we wish to define I: Hy @ H, > H 
via the formula I(Wo(n)¥, ® w) = T(n)-w, with neéN, we Hy. 
We first verify 


1.3.13. For wy, = Wp, )xXz> Wo = WplO1) Xo Ny» Ny € N 
<T(n,)wy; T(n,)Wo>p, = <Wo (my) pWolng) #155, Sites 
Proof: We have 
<T(n,)Wy(O)xys T(n5) Wp (04 )Xo> 4 
= -1 
= <Wealm, )T(n,) T(n}) Wal, )Xy2Xo>q - 
Using relations 1.3.11 and lemma 1.3.6, this equals 
- -1 
= a(n5 "ny )<Wn(O,)X 9% q = a (ny Ny )<Wep (4) Xo Wp lO.) Xo> 43 
which is the desired equality. 


As the representation Wo is irreducible, the set of 


linear combinations = cWo(n, ) by is a dense subspace of Hp. 
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It is clear now that we can define as isometry I from 


Hy Q Hy > H via the formula 


N N 
I( = W,(n.)¥, @w.) = = T(n.)w 
j24 Oe ee as i a7 x a 
N 
This map is well defined as if 2 W y(n, ) +44 Q w, = 0 the 
N j=1 
equality 1.3.13 implies || = T(n,)w,!, = "2 Wo(n,)¥, @ will, g, = 0- 
i=l Chupa k 


The operator i is surjective by 1.3.1le. Hence I is a unitary 


isomorphism between Hy) @ Hy 


= T(n). Hence T is a multiple of the representation W 


and H. Clearly I (w.(n) @ Ia, ) 17 
0 Hy 


0° 
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1.4. Fourier transforms and intertwining operators. 


Let Ly and L,, be two Lagrangian planes. We can form 
the unitary representations W, = w(Z,) and W, = w(Z,) of 
N. By the Stone-Von Neumann theorem, we know that they are 


equivalent, i.e. there exists a unitary operator 


F 


eae H(2,) a H(£,) such that: 


aan ee Foy W(n) = Wy (n) F543 for every neN. 


—_ 


de l is determined by this relation up to a scalar of 
3 


modulus one, as follows from 1.3.9. 


1.4.2. Let us first compute J 1l in the case where £,=RP,®---@RP. 
; 
and £,, = RQ, @ --: @ RQ. We adopt the following conventions: 
n 
X= (Xp, Xs tte Xe Y= (¥ys You oot Yu)s XY = ee 
n n a 
x-P = nae X;Pi, yQ= 2 ¥4@y 
Then W, acts on L? (dy) and W, on 1? (ax) by the following 
formulas: 
eimxyg:y 
(W, (exp xoP)o)(y) = e o(y) 
(Wi (exp yoQ)o)(y) = oly - Yo) 
(W, (exp xoP)m)(x) = (x - X5) 


-2iTx-Yo 
oO 


e Cor 


HI 


(W, (exp yo@)o) (x) 


We denote by f the Fourier transform from L? (ay) ~ H(£,) to 


L* (ax) 7 H(Z£,) given by 
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Ress: (Fo)(x) =f eo ™Y o(y)ay. 


Since F transforms translation operators into multiplication 


operators it is immediate that Few, (n) = Wo(n)o F . Hence 


Jo =f 


L.4.4. Let Ly and L, be two Lagrangian planes. Let 

L, = exp(£, + JRE) and L, = exp (2, + JRE) be the subgroups of 
N associated to by and Ly (1.2.1). We consider, as in 
1.2.4, the Hilbert spaces H(2,) and H(£,) canonically 
associated to Ly and Ly. We wish to find an operator from 


H, to H, intertwining the representations w(Z,) and W(£,). 
The formal construction is simple: We look for an operator 
commuting with left translations and transforming a function °% 
semi-invariant under the right action of Ly (i.e. verifying 
1.2.4 a)) into a function  semi-invariant under L,. Hence 
it is natural to "force" m to be semi-invariant under L, by 
averaging right translates of mm under L,; taking in account 


that o verifies 1.2.4a) for he Ln ly. 


Hence we will define formally: 


1.4.5. ex (g.e)(n) = f @(nh,)f(h,)dh, 
eo” Ul L/L", 
where dh, denotes a positive L,-invariant measure on the 


2 2 
homogeneous space L,/L,°L,- As dh, is unique up to multi- 


plication by a positive scalar, we remark that ey i) is 
er 
therefore defined up to multiplication by a positive constant. 


Let us compute Fy for the preceding example. We have 


poh) 
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L, 1 L, = { exp tE }. Hence (L,/L9L,, dh, ) is identified 
with (£,,4y), and 


(Fy, 0, 0(n) = aie exp y-Q)dy. 


We identify H(2£,) with L* (ay) by oly) = w(exp y-Q), H(£,) 
with LF (ax) py (x) = o(exp x-P). Our operator F L 
a? 


becomes 


(F ; »)(exp x-P) =; (exp x.P exp y-Q)dy 


or L, 


, p(exp x-P exp y-Q exp-x-P 


- exp x.P)dy 


= i o(exp y-Q exp-x-P exp(x.y)E)dy 


2 
=f olexp ya)e“*™ Yay, 
4, 
as ME H(Z,) 
= - oly)e 4" Yay = (Fo)(x). 
2 


Hence ye 1 defined formally by 1.4.3 is indeed a unitary 
a 


operator given by the Fourier transform. 


The following lemma shows that this is basically the only 


situation. 


1.4.6. Lemma: Let £ and L,, be two Langrangian subspaces 
of (V,B). There exists a symplectic basis (P,, Pos ttts Pry Qi, 


Qos tte Qn) of V such that: 
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Ly = RP, @RP, @ see @RP @RP |e oes @ RP 


£, = RQ, @ RQ, ® --- © RQ, @RP 1G ae @ RP: 


Proof: Let W be maximal in the collection of all totally 
isotropic subspaces S_ satisfying (£,+45) .§ = 0. Hence 
woe L + b, + W by the maximality condition. But we have 
(2, q £,) + Wo =-V as (£,+4,) 1We=0 (1.1.3), hence 

(2, q £,) + a + Le + We=V, i.e. W is a complementary 
subspace to Ly + Ly, in V. The bilinear form B defines a 
duality between Ly qn L,, and V/h,+4, ™ W. Hence we can 


choose a basis P P. of Ly ‘a £, and a basis 


k+l]? °"°% *n 


Qa? ‘tts @, of W such that B(P;,9,) = 5545 B(P,,P,) = 0, 


B(Q,59,) O for i,j > k+l. Let us consider the subspace 
M=f,04,+W. Clearly V=M@M as MM*=0. We 


H 


have 
i 
= Ly nN Le + L, .M 


fe 


i 
Ly a £,, + L,, YM. 


It is immediate to see that 4, 1 M™ and £0 M* are transverse 
Lagrangian planes in M’. We then choose Pi; Pos» cee, PL a 
basis of £, 9 M’, Qj» Qs +++, Q@, a basis of £0 Mo 


duality, and we obtain the lemma. 


Let us consider Lys £, and the symplectic basis of V 


e 
given by the lemma 1.4.6. We will write x = (x',x"), with 
x! = (x), Oe a XJ, x" = (xX, 449 vey x) and similar 


notations. Then H(£,) is identified with L°(dy'ay") and 
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H(Z,) is identified with L°(ax'dy"). Our formal operator 


ye Ss becomes then o(y',y") > (f'o)(x',y") where [' denotes 
the partial Fourier transform in the first k-variables. If 
we compute ean > we see that a a = GFr)72, Hence we have 

3 3 


proven the 


1.4.7. Proposition: The operator 
(Fg 2,2) (a) = f o(nh,)f(hy)dh, 


and W(£,). oa 


is an intertwining operator between W(L,) 
1 p24 


is canonically defined up to multiplication by a positive 
constant and Fy g.° (F, 4 ‘es? 
Peek ie 


We will now make specific the choice of dh, 80that 7, 


becomes a unitary operator. 


1.4.8. Let us first recall the definition of c¢-densities on 

a vector space E. Let E bea _ k-dimensional vector space 

over R, \Kp the space of k-vectors in KE. AXE is one- 
dimensional over IR. For any real number a, we call a density 
of order a@ amap op: AXe {0} >IR such that p(av) = Jal o(v) 
for each ve AKE - {O}, } eR- {0}. The space of all densities 
of order a is one-dimensional over IR, and is denoted by 

Q.(E). If we ASE* is a k-form, we denote by |w/* the 

a density defined by |wl“(v) = |(w,v)|%, for ve ASE - {O}. 

a, (E) is referred also as the space of volume forms. We denote 


by le the space Xz, modulo the equivalence relation 


ew -e. 
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1.4.9. Let 4& be a Lagrangian subspace of (V,B) and e « Av 
be a n-vector. We identify £& with (v/£)* via the bilinear 
map B. Hence each element |e] e« |A"™Z| gives a volume form 
le] on V/é. 

Let L = exp(£@IRE) and X =N/L. The tangent space 
of X at the image i of the identity element 1 of N is 
canonically identified with V/£. It is immediate to see that 
le| can be extended as an N-invariant volume-form on X. We 
denote by dy a | the associated measure on X. We denote by 
H(£Z,/e]) the space H(£) where the choice of the inner product 


on H(£) is now determined by: 


" 2 ; 
lal =f lola)? ayia, 


1.4.10. Given (V,B), a symplectic vector space, we have a 


canonical element w ¢€ aeny* defined by .; 


O= BABA *** ABs 
n-times 


If E is a vector space, we denote the top-degree term 


of the graded vector space AE by Nee ae 


let E be a subspace of E, we have then: 


1 


eae on AM"(B/E, ) @ Ame*Ey ; 
If E = E, © Eos 


jMaxp ow Ane* (E/E, ) @ A™*(E/E,) - 
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1.4.11. Let us consider two Lagrangian planes Ly and h,. 
The bilinear form B defines a canonicalsymplectic form B! 
on £i+h,/h,04,. The spaces L/h 194, and £,/h,0b, are 
transverse Lagrangian subspaces in £,+4,/L,04,- 


We have: 
max ~ ,max max 
ANS" (W/E 085) = ANON (V/L,+£,) @ A (25+£,/£,>45) 


NOX (B+ /b%by) ~ OX Li+8,/L,) @ AMX (L+£,/h5). 
Thus A™?X(v/h 045) = AMPEX(V/L,4h5) ® AMEN (Li +h5/2,) @ AMEX (EL +4,/6,) 
From this, we deduce: 
1.4.12. Lemma: 
A, (V/L,985) ™ 9 (by tbo/h 1045) ® Oy jo(V/L5) ®@ 9 o(V/E)) ‘ 


Proof: Let u,au 


i 5 AU; be an element of NOX (V/L 5985) with 


u, € MP" (V/b,+h5)s Uy € Ane" (L,+45/2) and uz € Ane*(£+£5/b5)- 
Thus u,au, € A™*(v/E,), Uy AU € AMX (2,4£,/2,085) and 

UZ AU, € nne*(V/L5). Hence for p, € My jl 4y+h,/h)bo)5 
Po € 94 jo (V/E5) and P32 € 9 jo(V/Ey)s we define 


(05 @o, ® Pas Uy AU, AUz) = p (uy A u3) po(uz avy) p3(uja U5) 


which is homogeneous of degree 1, thus it is a volume form on 


V/4 94, 


As £,+4,/h,94, is provided with a canonical half-density 
1/2 


|w'|-““, we get a canonical map from 
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9) jg(V/4) B94 ,2(V/b,) to a,(V/hr4,) by (p15) > lot |"/"@0,@0,. 


1.4.13. Let e, € AML, and e, € Nb We recall that the 
choice of a volume form 56 ¢€ 9, (4,/45%%5) defines a canonical 


operator F tasty H(£1,e,) ~ H(£,5e,) by : 


a e 6h 
oo A. L,/1L)%L, 
where 6h, denotes the L, invariant positive measure on 


L,/L,9L, associated to 4. 


We now give a canonical choice of 6 in function of 


and e,. We consider the identifications: 


of 2 


~ 1/2 
9, (W/E 5725) ™ Oy jo(V/2)) @ O j2(V/E,) @ Jw! | 


0, (V/6,4,) oe a, (v/L,) @0,(4£,/£,94,) - 


Given e, € AML, and €, € Nha, there exist a unique 


5b ¢ 0, (4,/£,925) such that 
Je, 127? @ le, |/? @ |wt|7/? = Jes] @ 5. 


We denote symbolically 6 = jaa" ® lege @ Iw |2/2, if 
Ly = b,, and e, = e,, then 6=1. If 4, nN L, = 0, 


identifying (by) = A (V/L,); we have for eae, = Cu, 
6 = lof? Ie, |. 


1.4.13. Proposition: let e, ¢ eae en € AL, and 
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5 = je jie @ le \-1/e 7) lw [272, Then | : is a unitary 
a 2 bos4, 

operator from H(4,,e,) to H(£,,€5)- With this choice 

ko -FP 

Lis Lash, 


Proof: It follows from our calculation in coordinates in 1.4.2. 
that our normalized operator is precisely Fs The general 


case is deduced from 1.4.6. 
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1.5. Maslov index. 


In this section, we define the Maslov index and prove its 


properties following an unpublished text of M. Kashiwara. 


Let £5545,42 be 3 Lagrangian planes in V. We consider 


the 3n-dimensional vector space £,@ 4, ® £ We define the 


3° 
Maslov index (2) ,b5,43)3 

1.5.1. Definition (Kashiwara): 7(4, 565,43) is the signature 
of the quadratic form Q(x, + Xo + x3) on the vector space 


Ly @ £5 @ 4, defined by: 


3 


Q(x) +X54x3) = B(x)5X5) + B(x55%3) + B(x3,x,). 


The signature of Q is defined as follows: In a certain 
basis of Ly @ L,, @ £., the matrix of Q is diagonal and 
contains p times the coefficient +1, q times the coefficient 


~l; the signature of Q is then p-q. 


It is clear from the definition, that we have: 


1.5.2. For any ge Sp(B), "(eh ,845,643) = (£25543). 


1.256335 T(L) 545543) = -1(4554),43) = -1(4),43,45). 


Let Ly and L, be two transverse Lagrangian planes. We 
have seen that we can always choose a symplectic basis 
Pl, Poy tts Pie Qype Qos t's Qn? Such that Ly = 2 RP and 
L,, = = RQ,; i.e. for bi shhs two other transverse Lagrangian 
planes, we can certainly find g e€ Sp(B) such that gf, = Ls, 
gh, = bs. On the contrary, formula 1.5.2 shows that the 


symplectic group does not act transitively on triples of Lagrangian 
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planes. In fact we will see that the configuration of three 


transverse Lagrangian planes is determined by their index. 


Let Ly shosh be three Lagrangian planes. We suppose first 


3 


that 4, and 4, are transverse, i.e. V = £,@ he. We denote 


3 
by P33 the projection of V on Ly perpendicular to f3, 
and P32) the projection of V on £3 perpendicular to hy. 


We have: 


1.5.4. Lemma: If Ly and b. are transverse, then 7(£), 45542) 


is the signature of the quadratic form on L,, which associates 


to xe La, B(p)3X5P3)%) = B(x,P24x) = B(p13x,x). 


Proof: We have 
Q(x, ee x3) = B(x sX5) + B(X55X3) + B(x35x,) 
= B(x, 5P3)%p) + B(p 1 3%5sX3) + B(x35X,) as Ly and £3 
are Lagrangians, 
as B(D) 3%5P3 4%) a B(x, = Diato?*3 = P33%Xo)- 
Let Yy =X, - Pi3%22 Yo = Xo» ¥3 = X37 D31%o3 witk. respect 
to these coordinates Q(x, + Xn + x3) = B(P13V5sP31Vo) = Blyys¥3)5 
hence sign Q = sign B(P43V59P31Vo) - sign B(yysY3)- As the 


signature of the form Bly, ,y¥3) is equal to zero, we obtain 
the lemma. 


1.5.5. Remark. The bilinear form S(x,y) = B(P13X5P3Y) on L 
is symmetric, since for x,y «€ Los B(x,y) =O= B(p43x + P3y%s 


Pi3V + P31y) a B(p13XsP31y) + B(p31XsP}3y), as Ly and h, 


are Lagrangian. 


1.5.6. The kernel of the bilinear form S_ on Le, is equal to 
Ly n L,, + £. n Lo: if B(p}3X5P39) = 0 for every ye Los 


then B(Dy x,y) = 0, hence D1 3x € £, n L,- AS X = P3)x + P13%> 
we have D3)x € £, n ba, and xeé Ly a) £,, + he a) h,. 


1.5.7. Corollary: Let (25545,63) be three mutually transverse 
Lagrangian planes, i.e. Ly n L, 210; Le n f. = 0, Ly n £. = 0. 
Then there exists a symplectic basis Pis Ley Py Qp cee, Qn 


and an integer k, O < k <n, such that 
4, =RP, ® one @ RP. 
Ly = RQ, ® ese @ Ra, 
£, =R(P, @ €19,) @ ++: ®R(P_ 9 Ean) 


with €,=+1 if i¢k, € =-1 


it” i Sk, 
We then have 7 (21,4554) =n- 2k. 


Proof: The symmetric form S(x,y) on £, is non-degenerate, 


we hence can choose a basis Qi» Qos vey am of Los such that 
S(Q;,2,) = SEO oss As B_ gives a duality between 4h and L, 
we can choose a basis Pos Pos ters PP, of Ly such that 


B(P,,Q,) = bs ys Lee. (P, very Pig Qry tery Qn) is a symplectic 
basis. Tet Zs = P4343 with respect to the decomposition 
V = 4,6 £25 then Q, - Zs € h.. By definition 


S(Q;52,) = B(p 1395 52,) 7 E565 5 for every j. So P13, = - €,P,- 


A basis of ££, is then Q, + €,P, = Es (P; + €4Q,)5 and the lemma 


3 


is proven. 
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1.5.8. Proposition. For Ly sboshashy four Lagrangian planes, 


tT verifies the chain condition: 
Thy sfosbg) = (by sbosly) + t(Lysbasby) + t(L5s2354y)- 
We visualize this relation as follows: 
e, 
4, ¢- é, 


£, 
Proof: Let us first suppose that Ly is such that hy n Ls = 0 


for i= 1,2,3. We have that T(4, 5543) is the signature of 
the form Q(x) 5X55X3) on Ly ‘2 L, 3) fe. The second member is 
the signature of the quadratic form Q' on Ls ® L,, @ hy given 


by 


Q"(Yys¥o9¥3) = BlPyy¥osVq) + BlPoy¥32V3) + BlPgy¥ys¥z)- 


The transformations: 


%y = Vy Pyyvo vial = 5(X-P 14 %Xo#P 4X3) 
Xo = Yo + Pox¥3 = and Yo = 3(Xp-Po4X3+Po4X} ) 
%3 7 93 7 Payyy 3 = $(X4-P3,Xy+P 34%) 


are reciprocal (as PayPayVy = Va and similar relations). Let 
us prove that these transformations give the equivalence of Q 
and Q!. 


We have: 
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B(X15%5) = B(Pyy¥os¥p) + Bl¥ys¥o) + BlYysPoy¥3) + B(Pyy¥o»Poyy3)- 
By cyclic permutation, we have to show that 
B(y¥4sY¥5) x B(YpsP 349) at B(D3y¥ysPyy¥o) = 0. 
Let us write Yo = PyyYo + Py Vos this is 
B(Y¥}5Py4Yo) ag B(PyyYosP34V})5 as B(yysPyy¥o) = 0, 
= B(y¥ysPy4Vo) + B(DyVo2¥z) = 0, as B(Dy 1¥o2Py 393) = QO. 
This proves the proposition for this case. 


Now let us take a Lagrangian plane m transverse to all 
the Les j = 1,2,3,4, and let us express 1(4556 554) as a 
function of 7(4,,4,5m). Then the result follows immediately. 


1.5.9. Let p be an isotropic subspace of V, i.e. B(p,p) = 0. 
Then B defines a non-degenerate symplectic form on o/b. For 


W a subspace of V, we define 
we = (WN p*) +9 = (Wp) Np cor. 


We have (Wt)? = (w°)* as (w°)* =((W oftp)* = p* NM (We4p) = (wr)? 
Hence if W is a Lagrangian plane of V, w’/p is a Lagrangian 


plane in p/p. 


We will prove: 


1.5.10. Proposition: Let pc (2, n he) + (2, n £3) + (2, n £1) 


= i(D; hoaks)s 


then t(b,s4554 3 


3) 
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We first prove the 


1.5.11. Lemma: Let Ly sh, two Lagrangian subspaces. Then 
if £= (£7N £,) + (20 4), we have 1(£,,4,4,) = 0. 


Proof: Let us choose Y, ¢ Bn Lys Yo © hn Le such that 

L = Y, @Y,. For an element x = (x, ,UtVvsX,) of the space 

Ly @ Y, ® Y, ® L,, with x, «€ 4, ue bn Ly ve dn hos 

Xp € hos we have Q(x) = B(x,5¥) + B(us Xp) + B(x55X,) 

= B(x,-v,x)-u) as B(u,v) = 0. Hence the signature of Q is 
equal to the signature of the quadratic form B(Y5s¥,) on 

L,, 3) Ly which is obviously zero. 


Now let us prove proposition 1.5.10. Let p be contained 


in 4193 = Ly a L,, + Le nN hy + fy 


is isotropic, Ly n hos L, nN h and h., n Ly are contained in 


n hy. In particular, as L153 

p*. We have ot = (4, 1 p~) +o by definition. If 

U = Ujpo + U53 + U3) € Pp with Ujo € Ly n Los Up3 € L, n he, 

eee 7 4) _ 9f 

U3) € hy n hy; we have Y53 =U- Uo Sel € p +(0, Np ) ae 
p 1 Pp _ p DPN 

Hence U3 € £5 on (2, Np). So £5 = (25 Nn b,) + (2, Nn £5) = 

p p p 
(25 n £,) + (25 n Li). 
We conclude by the preceding formula that 


1(£,,05 525) = 1(£,,45,85) = 0. 
From proposition 1.5.8, using the chain rule, it follows that 


7(2,,£5,43) = 7 (2555.25), as seen from the diagram: 
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‘prnrr @ 
sf 


xs 

ms 

SS. d 
Ss 

Lee) 


Ss 
po 
sS 


1.5.12. We define, for a sequence (Z,, b of 


a? 
Lagrangian spaces in (V,B), the Maslov index (2h); Lys roe, L.) 
for k > 4, by: 

TCL, haere yh 


= (Ly slo8) + TUbysbgsb) + oe + 1(L 


Fe hy) 


b) + 7 (by 50554); 


i = 7 (2, ,£5,43) + t(£)54354) ) Feo a ace “A (2,5 


Ka? AK? 


where & is an arbitrary Lagrangian space. (The equality follows 
from 1.5.8.) We have: 


1.5.13. Proposition: 


a) The index 1(£,,2.,-°--,4 is invariant under the action 


pegs to4y) 
of the symplectic group, and its value is unchanged under circular 


permutation. 


b) For any Lagrangian planes fy sbasb3, £i545,83, we have: 
7(2),£5,54) = 1(£, 45563) + (£5 ,£454554,) 
+ 1(25,43,4254,) + 7(£3,£554),43) 


as visualized by the graphic: 
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c) 1 (4b) 5459435hy) = ~1 (45,4) 52y 543) as visualized by 


by 4 by hy 


I 
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1.6. The cocycle of the Shale-Weil representation and the 
Maslov index. 


Let Li sbost be three Lagrangian planes in the symplectic 


> 


vector space (V,B). We consider the canonical unitary inter- 


twining operator (we leave implicit the choice of @12&5s€3)# 


Fe «chaise are 


i,j J i 


which intertwines w(Z 5) and wd, ) defined in 1.4.8. It is 
clear that the operator 1,3 F302 t 2,1 is proportional 

to the identity operator on H(4,) as this operator intertwines 
the irreducible representation w(Z,) with itself. Hence there 


is a scalar of modulus one a(£ 545,42) such that: 


ie f F eC ae ee ee 
en de Or Pee ee 1240943 


(It is easy to see that a(£,,b5,6 does not depend of @17€p2€3-) 


3) 


1.6.1. Theorem: Let £,, 6, and ££, be three Lagrangian 


i? 3 


planes. Then 
it 
(23,2525) 


= 
gre Fac Fi =e Id, 


1 
Proof: Let us first compute this for the three dimensional 


2 
have (25,4554) = -7(4,,42,4,) = -l as rollows from 1.5.4. 


Heisenberg algebra: Let Ly = RP, &£. = RaQ, h. = R(PQ). We 


Hence we have to prove that in this case 
iv 


p i 
J 13 ne F542 8 Id. 
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let us identity H(£,), H(£,) and H(£,) with L°(R) 
by (Ry) (x) = (exp xQ), (R,~)(x) = (exp xP) and 
(R30) (x) = o(exp xP). Then on H = L°(R), we obtain 


¥) FF, yn) (exp xP) = [ w(exp xP exp #Q) ae 


= f a7 ci Tx§ o(F) de 


2) (Fz o0)(exp xP) = f (exp xP exp #(PHQ)) ag. 

ape 
We have: exp xP exp #(P+Q) = exp(xt+#)P exp *Q exp —s- E. 
Hence 


2 
= [ o(xte) aout ae 


——, 
WTI 
we 

ia) 

6} 

~ ee” 

vr, 

~ 
~” 
{ 


P, 2 
= eltx i o(e)enoite oon de, changing & to 8#-x 


2 


i 


2 
eit™x fF im 
2 
where e denotes the multiplication operator. 
3) (F, 40) (exp xQ) = | (exp xQ exp 8P) dr. 
3 
We have: 
xe 
exp xQ exp #P = exp(*-x)P exp x(P+Q) exp(-xe + =) E. 
Hence 


(4) 30) (x) = J o(s-x) 


2 
ec iTxr a7 LTx qe 
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2 : 
= eit™ ! co(8) er i Txe d@, changing #® to #&+x 


C 
i.e. F = de ae 


153 


e 


Let us consider the function w(x) = ei7ZX for Imz > 0. 


This function is in L°(R). 


1.6.2. Lemma. 


5 


? 2 - 
i encimxr ,inze -1/2 o7 itz “x 


dg = (3) 


where the determination of the function z > Gy on the 


simply-connected domain Imz>0O is 1 for z=. 


Proof: We define for ze¢«D= {z3 Imz>0O}, xec€ 


2 
6(z,x) = i en” CLTxR ai tZr ape: 


It is easy to see that 6(z,x) is a holomorphic function 


of (z,x) on Dx @, and for x éR, 5(z,x) = Fv) (x). It is 
de 


hence sufficient to prove 4(z,x) = Ze e itz X” for 
z= ly, yo 0, x = iu. We Nave then 
ejmur = r° 
6(iy,iu) = f e eT TYE ap ; 
we change # to yee 
-1/2 2 
2 y Ve f ee muy R 778 ae 
-1/2 ,2 -le 
scaoa/e f et (B-y “°u)” .ty u ae 


-l 2 2 
2 y V2 eTy Wf gtk” ae 


It 


-l 2 
pyar. 
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which is the desired formula. 


- A 
We will denote }m by o. From the lemma 1.6.1 we deduce: 


1.6.3. Lemma. Let o be a function in A (R), then: 
itr 


...2 eo 
[S(e) ef? ae =e? f ole) ot ae. 


4 280 
4 
AT2S ae. 


Proof: Let ze D. We consider the function | 9(8) e 
This is clearly a continuous function of z for z in Dj we 


have for z¢éD by the Plancherel formula, and lemma 1.6.1 


: 2 CA 
[ Ole) etT25 ar = f o(e) (e172) ae 


If we now take the limit of this continuous function 


when z tends to 1 we obtain the lemma. 


We now calculate F 3 we have from the preceding 


3,2 Foy 
calculations, for o e 4 (R) 


(F, 5 Fo yo)(x) =f O(xte) eX ae. 


A A 
But g(xtF) = (e722TPUL (11) ) . Hence 
it 


(F; Fy) (x) = me f eretee ( yoo du 
tec 2 
C ~ ix 
i Jet 30 Fo.=e a e r 
Hence 
it -it (2.8.8 


7 ee ee ACEC IL Le 
ae Fyofo,=e =e 3" Ia 


The case when 7(4) 54,543) = 1 is proven in the same way. 
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Hence the formula of the Theorem 1.6.1 is proven for the 


three dimensional Heisenberg Lie algebra. (If Ly = Les 


then oe = Td; F103 ee (1.4.9b) ana t(L) 545543) =O). 


Now we will prove Theorem 1.6.1 by induction on the 
dimension of V. The case where Bi shor be are transverse 


follows then from 1.5.7, as we can then decompose the transfor- 


into products of transformations 
a4) 


mations fF F J. 
fish, bo,h, £ 
involving only the variables in the symplectic subspaces 


RP, + Ra; without mutual interferences. 


We denote by a(£5,£5,43) the element of T such that 


F C i i) 50 3d Sa. 
Waste F 23445 F bys hy p2243 
Let us suppose now that, for example, Ly and L,, are not 


transverse and let op = Le a Ly. From 1.5.9 we have 


t(2, 525543) = 1(215h5528). We will show that: 


1, —-——> Ly La ae Ly 
oP 
3 


Hence we will have 
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F143 F3,2 Fa. ee f , ia Fa. .s 


p 
p43 43243 © 43545 


=f F Fa g.- (By (1.4.9b).) 
p p P) 
fish, £354, 2°") 


But the three Lagrangian planes Bi sb5588 are contained in 
p+ = Ly + L,, #V. If we consider V! = p*/p, bs = Li/os 

— 1 . pP ' ' t 
Ls Ln/os 43 43/0, ht, £ and Ls are 3 Lagrangian 
planes in the symplectic vector space V' of dimension strictly 
smaller. It is easily checked that a(£},£5,£3) = a(L,,£,,£5) 
and 1(£1,03,44) = T(L1525,48) by 1.5.9. 


Hence we only need to prove: 


1.6.4 Lemma. Let 4; Los and £ three Lagrangian planes such 
that £ = (Ln £,) + (£n Ly); then 


Then our result will follow, as for example for af =(t, a p*)+ Ds 


p being contained in ae nq Lys oF = ae nN hy - of a) hy. 


Proof: Let us compute Fy ss F4,4,2)(@) 


= ag , 
‘ayant 4,£,°) (8 exp x) dx 


= i o(g exp x exp y) dx dy. 
xeby/tNk, \yel/b, nd 


We have & = aT NL + £,, N £, hence Ly n L,, is contained 


in f+ =. Let us consider Y) a@ complementary subspace for 
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Ln L,, al Ly = Ly q £,, in £0 Los then & = Ly Ng + Y,- let 
Y, be a complementary subspace for £7 Ly in Le , then 

#, =Y¥, +40, =¥, + ¥, + 2,9 by. Hence ¥, @ Y, is a 
complementary subspace for Ly n L, in Ly. Our integral 
Fae F 4,2,9 using the choice of this complementary subspace 


is then: 


[ J lg exp yp exp y,) dy, ayy. 
to. 


But as Ys, Los B(Y,sY,) = 0 hence 


Fy as F g,4,2)(e) . ay, o(g exp (y,+y5)) dy, dy, 
=f o(g exp u) du 
£,/6 04, 
ath .e.d. 
( Lys?) (8) q-e€ 


We now define the Segal-Shale-Weil projective representation 
of the symplectic group G = Sp(B). 

let G be the symplectic group of the vector space (V,B) 
(1.1.6). The group G acts on N leaving the center exp JRE 
of N fixed. Let (W,H) be "the" irreducible representation 
of N into the Hilbert space H such that W(exp tE) =e Id, 
If we consider the representation (W®,H) of N in H defined 
by W8(n) = W(g-n), then from the Stone-Von Neumann theorem, the 
representation We is equivalent to W. Hence there exists a 


unitary operator R(g) on H_ such that: 
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1.6.5. R(g) W(n) R(g)72 = W(g-n) 


for every neN. This determines R(g) up to a scalar of 
modulus one. 

Let us consider a function g->R(g) from G into the 
unitary operator U(H) of H such that for every geG,neN 
the relation 1.6.5. holds. Then from 1.3.9. we have that for 


& Bo ée G 


1.6.6. R(g185) = (&)58>) R(g,) R(g,) 


with c(g,s8>) a scalar of modulus one. (The operator 
R(g,) R(g,,) R(g165)7~ is a unitary operator commuting with the 


representation W). From the relation 


R((g 18>) °é3) = R(g, + (8583)) 


we deduce that for By Bo» 83 € G, we have: 
1.6.7. (6185963) ¢(€,s85) = ¢(8158583) e(€o.83)- 


We say that g->R(g) is a projective representation of the 
group G and (85585) is the associated cocycle. We will 
now define a canonical choice g > R(g)- satisfying 1.6.5, and 


compute the associated cocycle. 


1.6.8. Let us consider £ a Lagrangian subspace of (V,B) 
with a given form e. The group G operates on functions on 


N by (A(g)o)(n) = o(g7ten). If o is a function in H(2,e) 


oe) 


(satisfying 1.2.4. a),b)) it is clear that A(g)p ¢ H(g-4,g-e). 
Hence we may consider A(g) as a unitary operator from H(f,e) to 
H(g.£,g-e). It is immediate to verify that A(g) is a unitary 


operator satisfying 


-1 


A(g) Wy(n) A(g)"" = Woyle-n). 


Let (2,52,)s(452e5) be two Lagrangian subspaces and 


g..g. Our canonical unitary operator (1.4.9). The diagram 


6 
F hash, 
H(£,,e,) ———— H(£,,e,) 
| A(g) , A(g) 
&- 
F gh,64) 


is commutative: 


We now define for every geG 


1.6.9. Ryle) = Fg g.g°Ale) 


fe je 1/2 


where 5 = |g-e| ® |e ® jw'| = 6(g). Clearly 5 
doesn't depend of e (only of relative size of g-e, with 
respect to e). Hence Ra (g) depends only on 4. 

The function g > Rg (g) is a function on G with values 


in the unitary operators on H = H(4,e) verifying: 


6% Os Rg (g) Wy (n)oRy(g)~* = Wy (g-n) 


for every ge«G, and ne N. 
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We will often write R(g) = Ry(g)s if the choice of 42 


is without ambiguity. We have: 


Fest Fy bs yGy (81) *A(e,) (from 1.6.8.) 


it 

eae (4,6,4,6,8,4) 
: Feet A(e 85) 
as: A(g,) A(g,) = A(g,a>) 


~F 1(bs6 804,64) 


e Td. (1-621. 


te Pe dpacaes B Enh 7 
Hence we have: 


1.6.11. Theorem: 
Ry(G18o) = Cg(81s85) Rgle,) Ryle) 


with: 

~3E (456,446,852) 
Cy(BisB5) =e 
1.6.12. For a projective representation R of a group G with 
cocycle cy, we consider the Mackey obstruction group Go: The 
group G, is the set oi = Gx T with the law of multiplication 
being given by (g,5t,)+ (gosto) = (2185. t,t, e(g1.85)7*). 

(The cocycle relation 1.6.7. is in fact equivalent to the 
associativity of the above given law.) If we consider the 


function R(g,t) = tR(g), R is now a unitary representation 


Sf 
of the group Ga as 


R((Ey5t1)+ (Baty) = R(eyGpst yt, ©(B)s€5)7") 


~1 
tit, c(€)»8) ~ Rlg,8>) 


t, Rlg,) t, R(gp). 


Hence we can think of the projective representation R of G 


as a true representation of the Mackey group Ga: 


In our case, our cocycle is given by the formula 


>= 1(£,¢)4,6,854) 
Cy (81285) =e : 


We consider the Z%-valued function T (1585) = t(£,¢,4,8,8,4). 


This function satisfies the following: 
1.6.13. Lemma: 
7 9(€18983) + Tg(By28) = 7g(B128983) + Ty (82283). 


Proof: Applying the cochain relation 1.5.8. to £61458 804s8 8083! 


we have 
1(L,6£,8,854) = 1(4,6,4,8185834) + 1(814,8)85456 18583) 
+ 1(818545458) 85834) 
which is the relation we want, if we remark that 


1 (6656 )85458) 85834) = 1(4s854s89834) = Ty (85283) - 
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Pte 
1.6.14. Hence we can define the group Gp = Gx Z with the 


following associative law 
(6)5n))- (Boon) = (81 85.ny+Not+t(4,6,6,8)6>4). 


We will study in the appendix the group G in detail and prove the 
the connected component of the identity of Gy is the universal cover 


group of G, i.e. the calculation of our cocycle in the form 
it 
tT 
e allows us not only to construct the metaplectic group, but 
also the universal RONenae group of 4G. 
7 ~ 
The map (g,n) > (g,e*™) is a homomorphism of Gp =GxZ 

into the Mackey group Go: Hence we define the Shale-Weil represen- 


tation Ry on G = GX Z vy the formula 
. ar, 
16:2 15. Ro (gsn) = @ Ra (g) - 


This is a true representation of Gy. 


1.6.16. Let us suppose we have chosen another Lagrangian plane 
£' and define the projective representation Rg, We have 
Ry (g) = b(g) Ra(g)s with b(g) = by g(a) a scalar of modulus 
one. From the definition of Rg, (g) = Toe A(g) we see 
that b(g) is the scalar such that the following diagram is 


commutative: 


a(g) Fis ge 
H(£') 5 H(g-2") 


Fy 
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As the first square of the diagram with the arrow in dashes 
is clearly commutative, b(g) is given by the commutativity 


of the second square, i.e. 


b(g) =F yo tay ehh Fat el Fast 
7 Fa Fy gh tgs et es Fg, 2 


~i7 +(2,08',0')+1(L,¢8,28') 
ogee Id by 1.6.1 


~37 +(2,g8,¢6',£') 
e a Id (1.5.12) 


Ls6.17 Dy gr (8) = a ace 
It is clear that we have 
Cy (81285) = Cyr (8,285) b(g, )b(g,)b(g,85)” 
as follows from 
Ror (8185) = b(g,8,)Ry (e185) - 
In fact we have: 
1(L,8,456,856) = 


t(£',8)4',€,6,4') + t(£,¢,4,8,4',4') + T(£,854,854'54') 


- 1(£,8,8,4,8)854'54') 
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as follows from the (1.5.13,1.5.14) and the relation 


(£,8,6,8,6',4') = 1(g4,6)854,8)854's8,4') 


BRS 81824! 
ef" 
fe Vas 
gif 


™N ~w” 
1.6.18. In particular the groups Gp and Gp, are isomorphic 


via the map from G to Gp given by: 
(g,n) > (g,n+ T(£,gf,gh',2'). 


1.6.19. We now will give the formulas for the canonical 
projective representation Ra (g) of G. We choose a decomposition 
V=2£@6@8' of V_ into two complementary Lagrangian spaces. We 
write x for an element of £4 and y for an element of 2'. 


The space £' is isomorphic to £” via x->B(x,y) for ye &!. 


We identify H(£) with L°(2") by o(y) = m(exp y). By 


definition R)(g) =F a os A(g); 


i.e. (Ry(g)o)(y) = f (a(g)o) (exp y exp x) x 
L/ghok 
= | o(exp ety exp gtx) 5x 
L/ghnk 
We have: £9n gb ={xed; gtx e bh}, i.e. 2 gh = ker ce. We 


have: gtx Ss Ne ie vox, with ‘ax ¢ 2, tox € Bt, so 


61 


t t 
exp(g71x) = exp(-*ex) exp(*ax) exp Blexs “dx) E. 


t 


As op ¢ H(£), and “dx e J 


t 
1 i toxyentmB(a cx,x) 


(exp gly exp- 


p(exp g -y exp gx) 


-l +t t 
w(exp-"cx exp a7 ly)e2imBle Y» CX), -imB(d'cx,x) 


t t 


1, _-2i7B( by, ‘cx) ~inB(d cx, x) 


o(exp- "ex exp g7ly)e 


Finally writing gly = - “by + tay, we obtain 


t t.25% t 
; o(tay-tex)et™Ble bysy) 5-217 ( by, cx)-imB(d cx, x) 5 


(Ryle)o)(y) = J ate 


x 


Changing x to -x, we obtain finally: 


120% t, 
(Re(e)ol(y) = J o(tay+tex)ei™Bla by.y) 2178 


xeL/ner’c 


(*oy, ex) -inB(d'ex,x) 5x . 
The choice of 6 is as follows: there is u unique in 

[A™**2/fng-£| such that: for v ¢ A™**(g./fng-£) ana 

a ¢ AX (gng.£), vaca = @-(uac) and luav| = |w'|, where oa! 

is the canonical form on the symplectic space f+g-L/ing.@. We 

choose 6 such that |(5,u)| = 1. 


1.6.21. Let us consider some special cases of this formula. 


1) Let g(a) = (24-55), with a € GL(Z), then 
a 


(Ry(e(a))@)(y) = [det al7/* (tay) . 


2) Let u(x) = (at), with x = ty, then 
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(Ry(u(x) )o)(y) = et BVT) oly). 


3) let g = (244), with c invertible, then 


(Ry(g)o)(y) = fee tre Sis enlee yaiene 97) A, 


If a given symplectic basis of V is chosen, with 4 = © RP, 


and 4! = @IRQ,, then 6y' = |det ¢|7l/e dy. 
We also give a formula for the cocycle Cy (81 285) on the 


open set ((81285)] of GxG where 


a bd a dD 
Bae A) eet e = Fh. wi C)sc, invertible. 
c d c a 
1 1 4 2 
Let us write 
a b 
eee ar 
3, 83 
We have then: 
in -1 ~1 
-a sign(cj"c cy) 
Tv6c22s Cy (1585) =e 3 : 
Proof: We have Cz = C)a + d,c,. Thus eee = ancy + cla 


is a symmetric matrix (1.1.9). We now compute 


7(4,8,b,8,85£) = t(ay LsLs604) 5 
using 1.5.4. 
Let us write x ¢ £, on the form x = 2, + 23 with z, in 
ge, and 2, in gob, i.e. 


t t 


= “du - u+a,v+c,v, with u,v ¢ £. We then have: 


: se 2 2 
“equ = CoV. 7 is the signature of the quadratic form Q! 


defined by v > B(*a,u - “equ, anv + Cov). We choose 
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y = CoV as variable. Then 


t, t -1 1 


Q'(y) = B(‘d, ‘cy ysy) - B(ysaney ¥) = Ble} 
1 


-1 
diy + any yoy) 


7 - #1 
= B(c} C305 ¥xy) 


and the formula follows. 
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1.7. Oriented Lagrangian planes and the metaplectic group. 


~=E 1(2,,Lp52 
Let us consider c(£,,£5,43) =e a ate? 3) 


We will 
now show that there exists a function s(Z,,Z,) defined on 
couples of oriented Lagrangian planes, invariant under the 


symplectic group, such that 
c(Lysbysbz)* = 5(y,2,)7> s(Bys25)-> 3(B5,%,)-°- 


We will use this fact to prove that the Shale-Well projective 
representation is a representation of the two-sheeted covering 


group G, of G = Sp(B). 


1.7.1. Definition. An oriented vector space of dimension n is 
a couple (L,e), where L is a real vector space of dimension 
n, and e an orientation of L, i.e. a connected component of 


NPL 10}: 


If (L,e) is an oriented vector space, we define the 
oriented dual vector space (L,e)* = (L*,e*) of (L,e) by 
choosing e* such that <x,y> >0O for xee*, yee. We will 
sometimes write e for any element xeec AMV, where there 
will be no confusion. 


If (Vv and (V5 .e5) are two oriented vector spaces 


yey) 
and A a linear invertible map from Vi to Vos we define the 
sign of the determinant of A denoted by ¢(A) = + 1, by the 


condition 


(A"A)e, = c&(A)e, with c> 0. 
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Let us remark that if (V,,e,)5 (V5 2€5)> (V3,e3) are three 
oriented vector spaces and Ay? Vy > Vos A,: Vo > Ve are 
invertible linear maps, then € (A,A,) = €(A,) E(A,)- Also 
Pa) sta): 
If (V5,e,) = (V¥,e%) and A is a linear invertible map 
from V, to V#, E(A) is defined without ambiguity independently 
of the orientation of Vy» as it is easily seen by taking the 
opposite orientation in Vi- 
A, Ay A 
+ om . * ; ° eae eae aes i * 
Now if A= AzA Ay? V>V with <A?-V > Vy > Vo > V 
then £(A) does not depend on the orientetion on 


(V,V V5). if we choose on V* the dual orientation of the one 


Hes 

on V. 

1.7.2. let ¢@ and m_ be two Lagrangian planes of the symplectic 

space (V,B). We define gig: £>m* dy <g, y (x) sY> = B(x,y). 
3 “ge 3 . 


The kernel of a) is &Mm, so if 4 and m are transverse, 
3 t 


En, 2 is invertible. 


Let (255e,) and (£525) two oriented Lagrangian planes, 


which are transverse (i.e. £6, 9 £, = 0), then g = 
Bo 43 (£,,¢e,) > (£,,e5)* is invertible, and we define 
3 


dss (4-8 € ((415e1)s (452e5)) = E(85 1). 


This depends only on the relative orientation of (£,5e,) and (L55€5, 
More generally if L, and Ly are not transverse, we define 
E((£,5,e,)s(455e5)) as follows: let e be an orientation of 


9 = £, nN hn. Then e defines an orientation ey, { S152 con 
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£./p by e,ne@ = @53 


3 L,/o and £,/ are two transverse 


Lagrangian planes of £, + £,/o = p/p. We define 


It is easy to see that this does not depend on the choice of 
the orientation e of op, as if we change e to -e, both 


orientations 2498, change simultaneously. 


If 4, = Los we define 


1 if e, =e 


E((2,,e,)5 (£,5e5)) ) 


-l if ey # en » 
which can be thought as a special case of the preceding formula. 


We remark that: 


n-dim(Z 


N£,) 
€ ((£152,)2(4a2e5)) = (-2) 7 NEC 


by2€y)s(4,5€,)) 
as oe ‘ 
81,2 80,1 


1.7.4. Definition. Let (£,,e,) and (2,s¢ be two oriented 


2) 
Lagrangian planes. We define: 


(n-dim(4,N£,)) 


s((2,,e,)s (45se5)) =i E((£,,¢,)s(45se5))- 


Hence we have S((£,,€,))s (£osen))-8( (45285) (4,5e;)) = 1. 


Iet \ be the manifold of all Lagrangian planes of V_ and 
, the manifold of oriented Lagrangian planes. The map 
p: (£,e) > 4, realizes A as a two-sheeted covering of A. 


The symplectic group acts on the space of oriented Lagrangian 
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planes. We will write 2 fora Lagrangian oriented plane 


(£,e). Clearly we have 

nay eee s(g4,,84,) = s(£,4,). 
Now we prove 

1.7.6. Theorem. Let Tt, .4, € Ny then 


it r(p(Z.),p(2,.) ,p(2 ~ ~ os 
Ero) 0G ED eg ey at 


(We remark that the second member depends only on p(Z,)s p(Z,) 
:) 


~~ 


and p(2,) 


Proof: We will prove the theorem by induction on the dimension 
of V. 
Let us first prove this theorem, when L. = p(Z,) are 
mutually transverse. We recall (1.5.4) that t(L 545543) is 
the signature of the quadratic form on £,, given by 
Q'(x) = B(p, 3XsP3)%)- let S(x,y) = B(P, 3%sP319) be the associat: 


symmetric form. We define 


81304 L,, > bs > Ly > Ls 


BY 8139 = Bo) Gig) ess We see that S(x,y) = <8 39(x),y>, 


since if x =x, + X39 xX) € Lys X2 € fe: 


S(x,y) = B(p, x,y) = B(x,,y); 


830% = 831%)? 
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-1 
since for ue £3, B(x,u) = B(x,,u). Hence (é3)) B3oX = Xy 
and <8130%9¥> = B(x,sy)- As sign Q' =p -q =n - 2q, where 
p is a number of positive signs in Q', and q_ the number of 


negative signs, we have: 


it AT sign Q! 
oe! (4, 545,43) a ee F (A153) = (oa 


Hence 


it 
t(£,,£,,£4) a 
ge ee ag Pea ahaa 1° (8135) 


| 


1° (65 1)€ (653) (B39) 
iM e(Ly 20) (25,05) (-1)%¢ (252,) 


s(Z,,4,) s(Z,,2,) s(Z,,1,). 


Let us now suppose that L. n £,, = 0 and h, qn Ly 240; 


let p = Ly n Lys then 4, Np = 0. We consider the planes 


bi = Ly/p, th = by/o, £8 = (£3 9 p*).+ p/p ~ (2,9 P*). 


As Ly c p* and Ly + hy = V we see that p~ = L, + (2, n ca 


Hence the three Lagrangian planes Li sh5sh8 are transverse in 
p/p. 
Let us choose an orientation e on pp and an orientation 


on & We take the orientation e}se4 on Li bh such 


Le 
3 


that ey ep Aes and consider the corresponding oriented planes 


We have 1(£1,25,£3) 2 1(05 25,08) = T(L1,63, 68 So 


an 
eC a a oe ee 
e = s(£1,23) s(25,04) s(£4241). 
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We have s (21,24) = s(2,,2,), as the dimension of a Lagrangian 
plane in o*/p is n- dimp =n!. We have only to show now 


that s(£5,43) s(45,45) = s(£,,4,) s(h,,4,). 


We consider the maps Bo pg s8% 2 which are invertible, 
a Be 


5 


as £9 Los L. on 4, = 0. Let us form 


3 3 


e = . 


a ie os ae cr aaa 


Clearly F is the identity on p = 4, 9 £,. We consider the 


diagram 


p 
| , Cal, be |: (Ey ie | 


where p is the canonical projection, and r is the restriction 
map from As to (2 
(for xel,, ye 4, Nop, <q, 2, (%) 99? = B(x,y) = B(px,y)). 


Hence F! is the map derived from F by quotienting by p; 


37 o°)*. This diagram is commutative 


as F is the identity on p, we see that &(F) =€&(F'), where 
the sign of F, F! are relative to the orientations (e,,e,), 


(et,et). Hence we have: 


li 


E(F) = E(Ly,4,) E (21,23) = (-1)" € (25523) & (25, 2,) 


= s(,,2,) s(I,.0,). 
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Similarly €(F') = s(23,04)-s(Z,21), and we obtain the desired 
equality. 


Now if Lyd st 


plane m transverse to Ly sto ,t,. We have 


are arbitrary, we choose a Lagrangian 


+(p(Z,),p(Z,)»p(24)) = t(p(m),p(2,),p(Z,)) 
t(p(m),p(2,),p(2,)) 
t(p(m),p(Z3),p(Z,)), 


+ 


+ 


and 


it 
a 1(£),65543) 


s(m,Z,) s(Z,,2,) s(Z,,m) s(m,2,) s (25,25) 


+ s(£,,m) s(m,£,) s(4.,4,) s(£,,m) 


Hf] 

n 
~~ 
2 


~! 


as s(Z,,m) s(m,2,) =l for i = 1,2,3. 


1.7.7. Let us consider the projective representation g > Ry (g) 


of the symplectic group G and its associated cocycle: 


iv 
“a 7(456,458)854) 
Cy(g1585) =e = 7 es 


Let us choose an orientation £* on &%. The group G acts 
on oriented Lagrangian planes: we define sy (g) = s(Lt,g-2t) 
a 

(sp(g) does not depend on the choice of the orientation & on 


£). Theorem 1.7.6 is equivalent to the formula: 
2 -1 ~1 
137-38) ce" (158) = 8(g,)~ sla) ~ se 85)- 


1.7.9. A projective representation P of a group G with 
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cocycle p is equivalent to a "true" representation if we can 
modify the operators P(g) as follows: P'(g) =a(g)P(g) with 


a(g) ¢€ T such that indeed the operators P'(g) now satisfy 


the relation: P'(¢1g5) P'(g,) P'(g,)s i.e. 


a(g,)e(g) 


P(g,,8,) = “tle.e,) 
8 ig C\E) 8, 
The formula 1.7.8 can be written in a symbolic way 


tay) 17: Bleslo 
(585) = i : 


Hence our projective representation R can be made into a "true" 
representation of a two-fold covering group Ge, of G by 


No 1/2"2 (6) . 


choos ing R,(g) = s(g) 
Let us now make precise definitions. We consider the 


Mackey group G, (1.6.12) and the subset G,°CG,=%%XT defined 
by 


1.7.10. G, = {(g,t), with t° = s(g)7+} 


yas 


The formula 1.7.8 implies that G, is a subgroup of G,. 
Hence the representation RIG,, R(g,t) =t R(g) is a "true" 


representation of G,- 


It is clear that the map G, >G defined by (g,t) >¢ 


2 
is a homomorphism from the group Go to G, and each fiber 
consists of two points. Hence we have lifted R toa true 
representation R of a double covering G, of G. The group 


Ge, is called the metaplectic group. 
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1.7.11. Let us consider the group Gy= G x 2 and the function 
it 
s(g,n) = e2"s(g) with values in Z/}Z. 


1.7.12. Lemma: s(g,n) is a character of the group Gy - 


° 


Prcoi: This is equivalent to the relation 1.7.8. 
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1.8. The universal covering group of SL(2,R). 


In this section, we will describe the universal covering 
group of SL(2,RR) using the Maslov index. This construction 
is valid in the general case, and we will describe in detail 
the universal covering of the manifold of Lagrangian planes and 
the universal covering group of Sp(n,R) in Appendix A. 

However, in the applications to theta series of Chapter II, 
we will use only a small part of this general description. 
Therefore we will prove in this section only the results that we 


need. 


1.8.1. Let V =IRP @®RQ be the two-dimensional canonical symplectic 
space. We identify RP @®RQ to @€ by xP +yQ2+>xt+dty. The 
symplectic form B gives the natural orientation on C. 

A Lagrangian plane is therefore defined by its angle 646 
mod + with the real axis. 


Hence we identify <A with the 


19 


torus T by: if dg = Re P, 


u(r) Seen ea 


Let (41545543) be 3 lines. We have: 


(2,545,543) = 0, if £5 ,4524, are not all distincts, 


t(£,,£5,4,) =1, if £, is in the interior of the angle £,,h, 


3) 
1 (Ly ,L5,£3) =-l, if 4, is in the exterior of the angle £,,4, 
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ey 


In our preceding identification of A with Ts 


1(£,,45543) =1 if u, is between the points u,,U, when 
we move around the circle in the canonical way, 1(£) 545543) ae 
if u 


2 is between U3 and Uy: 


Let G=SL(2,R). As in 1.6.14, we define the group Gy. 


As a set Gy = Gx Z, the multiplicative law being given by: 
(g,on,)- (sno) = (8)85.n,+not1(4,e,4,8)854)) - 
my > 
1.8.2. We consider the oriented plane ho = IRP. 
1.8.3. We define By = {g éG, ght = or}. Clearly 


D 
: arl)s a> 0, b eR}. 


sed 


1.8.4. We consider the function s(g) 


s (£5,825) on SL(2;R). 


i signe, if c #0. 


n 
~~ 
~ 
’ 
~ 
—— 
| 
a 
ed 
4,2) 
jo] 
~ 
we 
wm 
~~ 
~ 
Qa 
ww 
ii 


The function s(g,n) =e s(g) is a character of the 


group G. We define Go = Ker s. In particular (e,n) ¢€ Go is 
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equivalent to ne 4%. 


1.8.5. We consider the subgroup K of SL(23;R) given by the 
transformations u(9)z =e °z of C€, i.e. u(¢@) in real 


coordinates is the rotation: 


cos 4 -Ssin 6 
u(g) = ( . ; 
sin 6 cos 4 


The map 97> u(g) is a homomorphism of R into SL(2,R). 

As the subgroup of rotations acts simply transitively on the 
> 

oriented lines 4, we see that: 

1.8.6. Each element g of SL(2;R) can be written uniquely 

as g =u(9)b with be Bos 


"cos 86 -sin 8 a 
i.e. z =| }| 


Xx 
»arO. 
= 


sin 6 cos 8 0) 


Hence SL(2,R) as a topological space is isomorphic to 


TyR xR. 
1.8.7. We define the function yu: R->Z _ by 


u(s) = 2k, if 6= kr 


2k+1 if kr < 9 < (ktl)7T 


H 


u(@) 
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. ° 2 y 
«Y a5 - wl \ 83 
ee ee ae ee ee 
o ve 2 


~27 oT & 


We have: u(-8) = -u(9) 
uletk7r) = ula) + 2k. 


1.8.8. Proposition: The map 9 > g(a) = (u(e@),-u(a)) is an 


injective homomorphism of R_ into Ga: 
Proof: We have to prove: 


16,P i(6,+6,) 
2 


1(P,e e P) = 1(8,) + was) - ula, +85). 


From the relations 
(6)+K,77) a! (8, ) + 2k) 
ulet+ko7) = u(e,) + 2k, 


we can assume that 0 < 8) < wT and O < 85 < w. We consider 


separately the cases: 
a) 8; Or 8 = 0 


b) O< a <7 O< a +O <7 
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c) O<a,<7 @ + 4 =7 
O< 8 <7 
d) 0< 8,<7T <0, + 8, < 2m 


and the relation is easily verified; for example in case 
b) ule,) = ules) = 1 = u(9,+8,), and 1(P,e “Pye P) = 1 


Now we have: 


s(u(s)) = (-1)* af 9 = kr 
s(u(a)) = i(-1)* if kr <a < (k+l). 
x u(a) 
Hence s(u(9)) =e and g(@) = (u(3),-y(s)) belongs 
to c 


1.8.9. For by € Bos we define g(b,) = (b5,0). As By 


leaves stable ts it is clear that the map b, > (bos 0) is a homo- 


al 


morphism of Bo onto its image in Go: 


We now are ready to prove: 


1.8.10. Proposition: Each element ¢ of G, ds written 


uniquely as g(b,)a(e) for 9 €R, by € B. 


Proof: As each element of G can be written as doula), we 
may assume m(g) = e3 hence g = (e,4n) = g(2nr). That the 


decomposition is unique follows from 1.8.8, 1. 8.6. 
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Remark: We will see in Appendix A that we can define a 
"natural" topology on G; using the Maslov index, which makes 

it into a Lie group. For this topology the map m: (g,n) >¢ 

is a covering map, and the map from R x Bo into Go given by 
g(b,) g(9) is a diffeomorphism. Hence Go is the universal 
covering group of 4G. 

1.8.11. We will now give another realization of the universal 
covering group of G = SL(2,R), using the description of SL(2,R) 


as a group of automorphisms of the upper half-plane. 


1.8.12. Let pt = {2 =x + iy; z eC, y > 0} be the upper 
half-plane. The group SL(2,R) acts on PY by 


_ (a db _ aztb 
g = (" a? &°2 = Sard’ 


as 
2 aztb, _ 1 yazt+tb § azt+b 
Im(g-z) = Im(crrq) = a (Card ~ Gra 
_ 1 (aztbd) (cz+d) (az+b) (cz+d) 
ei (cezt+d) (cz+a) 
nk Z-Z P 
a lez+a[* 
1.8.13. Im(g-z) = Jezta!7© (Im z). 


In particular Im(g-z) > 0 if Imz> 0. 


is hence 


The map g > bo where a, (2) = (azt+b) (cz+d) 
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an homomorphism of G into the group of invertible holomorphic 
transformaticn of P*. 

(Every biholomorphic transformation of the domain PF’ is a 
fractional linear transformation of the form (az+b) (cz+a)7> 


with (® 5) ¢ su(2sR).) 


1.8.14. For g = ( ) and zéP’, we define j(g,z) = cztd. 


It is easy to see that j(g,z) #0 on P and 


£6215: J(8) 522%) = J(eys85°2z)I(g5.2) » 
Let us consider Zy =i as basis point of PT, We denote by 
cos 8 -sin 6 
K = (ula) = [ } 
sin 4 cos 9 


Then K is the stabilizer of the point Zo: 


1.8.16. Lemma: The group By acts simply transitively on Pr, 


Proof: For Zz é€ pr, z2=x+1y, there exist a unique element 


2 


b(z) = os =) of Bo such that b(z).i =z = a“i + au, namely 
a 
1.8.27. 
1/2 -1/2 1/2 
is. EY y x, _ «1 xXy/y ¢) 
b(z) = ( 0 ye ) = & i) ( ‘ y 1/2) . 


1.8.18. We will now describe the universal covering group of 
SL(2,;R) using the function j. For geG and zeP’, 


jJ(g,z) = cz +d is never zero, hence we can find a determination 
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~ of log(cztd) on the simply connected domain P’. Let 

be an holomorphic function on pt such that eo(Z) = ¢Z + da; 
then q is entirely determined by its value at the point 

z =i of P*. ‘two such determinations o or go! of log(cz+d) 
differs by 2ikm. 


1.8.19. We consider the following group 


( 
G= ((.0,)3 ef a = j(g,z))}. 


The multiplicative law being given by 
(g Pac) )-(g 29 ) = (g g 20!) ’ 
1 &) 2 &5 12 


where 


p'(z) = Og (B2°2) + mg, (2) - 


(We remark that the relation j(g38552) = J(81285°2)I (E552) 
implies that e9'(2) . J(g@52)). We have (gs9)"* = (g7*,-0(g" 72). 

Let us consider the projection G> G given by (g,) >¢. 
It is clear that the fiber of this map is isomorphic to Z@. 


let z#0, ze, then z can be written in a unique way 
z= eXtt¥ 2 eXelY with x eR, and y being defined mod 2r. 
We have then log z =x + iy. Hence to choose y = Im log z is 
equivalent to choose a determination of arg z. We denote by 
Arg z the principal determination of arg z, 1l.e. -7< Arg z<¢T, 
and log z =x +i Arg z _ the corresponding principal determination. 


For each element g € G, we denote by g the particular 
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element of c above g such that, if gz = (go) 
o(i) = Log(ci+d). 


1.8.20. Let be B,, i.e. b= os *1) with a>0O. It is clear 
a 


tw 
that 4(b) = (b,Log a+) =b (with Log aemR) is an element of 
G, moreover the map b> 6(b) is a group isomorphism of Bo 


into its image in G. 
_ (cos @ -sin 6 x. 
Let u(¢) eK, i.e. u(a)= one ao eae a) Then u(g)-i =i 
and j(u(@),i) = et®, We define the map &:R->G" by 
6(@) = (ula)so,)s where g(t) = ig. It is immediate to verify 


that fA is an homomorphism of R into @. 


1.8.21. Lemma: Each element of ©” can be written uniquely as 


6(b) 8(8) with g¢R, be Bo: 


Proof: This is immediate. 


Let wy be the function defined in 1.8.7. 


1.8.22. Proposition: The map I: G°> Gy defined by 
m™ 
I(gs0) = (gs-u(Im »(1))) is a group isomorphism from (” to Go. 


Proof: Let (g,o) = 6(b)8(8) with b= (0 /"1), (a> 0), an 
element of ©. As u(@)-i = i, (i) = log a-l + 49; hence 

Im m(i) = § and I(gs,0) = g(b)g(6). So it follows from 1.8.10, 
1.8.21 that I is a bijection. We have to prove that I is a 
group isomorphism. Let us remark first that the function 

(gsm) > u(Im o(1)) on the group ©” is invariant by left and 
right translations by elements g(b), with b ¢ By: For left 
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translation, this is clear, as if g(b)(gsm) = (g's'), 


o'(i) = Log ant 4 o(i) and Log a 


eR. For right translations, 
for (g" 50") = (g,) g(b)s we have 


o' (1) = o(b-i) + Log ao; 


But for z varying in the upper half space, 


cz + da stays in the upper half space if ¢c> 0 
ez +d stays in the lower half space if ec < 0 


cz +d is constant if c= 0. 


Hence when we follow arg(cztd) = 9! by continuity from 
the value 6) = arg(citd), the elements 9 and 9! stays in 
the same open interval Jk7,(k+l)m[ or stay equal if 4 = kr. 


Hence (6) = u(e'). 
czt+d cit+d 


Now we have to prove for (61901) * (G55) = (gs) » 
u(Im(e, (1) a: u(Im(p, (1) ) = yu (Im o(t)) = (L,8,438)654). 
Translating (g,}) by an element g@(b, ) from the left side, 
(Eos %>) from an element g(b,,) from the right side, we can 


assume (e150) = 6(0,); (B55) = 6(8,). The equality to be 


83 


ig, i(6,+8,) 
proven is then u(@,) + u(85) -.u(e,+e,) = (se thie = 4) 


which follows from 1.8.8. 


1.8.23. We recall that we have defined, through the principal 


determination of log(citd) a particular section g*>g of G 


into (>Y. 


1.8.24. Lemma: I(g) = (g,m) where 


if g = (C _ with c>O m=s=-l 
a b 
ge=() 4) with ¢<0 m=1l 
g = (* ©) with a>o me=0 
Oa 
g = (* b,) with a<O me=-2. 
Oa 


1.8.25. We define the metaplectic group G, as being given 
by Gy = ((g,d), where d is @ holomorphic function on P* 
such that a(z)* = cz +d}. The composition law being given by: 
(g124,)+(&5.d5) = (8,854), where d(z) = a, (g,z)d,(z). 

The map (g,d) >g from G, to Gs SL(2,R) is then a 
covering map with fiber (g,+id). The map (g,) > (g,e0(2)/2) 
from O to G 


0 is a homomorphism from ( . to G5 with kernel 
{6(4k1) }. 
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1.9. The universal covering group of the symplectic group. 


Let A be the manifold of all Lagrangian planes. The 
group G=Sp(B) acts on A. We have constructed in 1.5 a 
Z -valued function 1(£),45543) on triples of Lagrangian planes. 
This function + is invariant under the action of G and 


satisfies the chain condition (1.5.8) 
1(45,45543) = (L544, ) + 1 (455435 by) + t (L354, ,h,)- 


Let Ly be a fixed element of <A. The function + leads 


naturally to a Z-valued cocycle of the group G by 

ww wv 
(81985) > 1 (£538,438 18545) We denote by G) = Lo the 
corresponding extension of G (1.6.14). 


Let A=AxZ = ((2y)3 £€ A, ue Z)- The formula: 
(gsn)- (£51) = (g-£, n+ u + t(258:458-4)) 


Uw “w 
defines an action of Go on A. 


let us consider the function: 
mo((22u7) 2 (45su9)) = Wy “ ito + t(L343345) - 


The chain property of + and its G-invariance implies that 


Mo is a Gy-invariant function on K xX he Thus, the formal 
properties of + allows us to construct a covering manifold 
we 


of G anda Gp-invariant 


stad 


w 
A of <A, a covering group Go 


function on rn x A such that 
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1(L, 54554) = m(£,4,) + m(£,, £2) + m(£,4,) . 


This function Mos immediately deduced from rf, is 
usually called the Maslov index. In this section, we relate 
(454) to the universal coverings of (A,G) and calculate "in 


coordinates" the function Mo: 


1.9.1. We consider the manifold , of all Lagrangian planes 
of (V,B) as a closed submanifold of the Grassmanian of all 
the n-dimensional planes. 

Let (25244) be two given transverse Lagrangian planes. 
Let Ng be the open subset of <A of all the Lagrangian planes 
m transverses to 4%. We parametrize My as follows: If me Ue 
there exists a map a: Lh > Lo such that m = {x + «x; x € £,}. 
The condition for m to be Lagrangian becomes B(qx,x') = B(ax}x), 
i.e. the bilinear form on Ly given by Sx") > Blgx,x') is 
symmetric. We have hence identified he to the vector space 
of all symmetric bilinear forms on L,. In particular ie 
is a simply connected neighborhood of L,- 

We note here that ae nN os is then identified with the 
symmetric forms Se? such that det S # O, thus Mg qn Mg, has 
n+ 1 connected components, corresponding to the non-degenerate 
symmetric forms of signature (p,q). 

Let (P,,Q,) be a symplectic basis of V, and for 


k = Q, re eyg 


ft) At Ck 


i) 
Ul 
uMs 
bd 
on 
4°) 
+ 
~ 
4 
& 
bs 
wy 
= 
ul 


ei Af Lk 


Then each connected component of we al Mg contains one by 
We parametrize Ng by the matrices y: Ly > Lo symmetric 

with respect to the basis (a, ee ee Pi) i.e. we write 
an element m of Ng as m= {x + yx3 x € £1}. 


1.9.2. Lemma: Let U = {(m,m') e Ag X Ags mfm' = 0} and 
0 0) 


let U, be the connected component of U containing (2,54,) ; 


k 
then VU=y Uys 


Proof: Let (m,m') € U.. We then have to show that there exists 
a continuous path (m(t),m'(t)) contained in U and k, 
O< k <n, with m(O) = £,, m'(0O) = £,, m(1) =m, m'(1) = m!. 


We write 


m= {x + yx3 x € Li3 y: fy > fo} 


m' = {x + y'x3 x € bys y': Ly > Lo). 


The condition mpm! =0 is clearly that (y- y') is 
invertible. Therefore, for any symmetric matrix u_ the 
translation y>ytu on No conserves the couples of 
transverse planes. We can suppose then that y = 0, det (y') # 0; 


By a preceding remark, we can then deform (£,,4") to (2,,4,) 


87 
for some k. 


L963 Proposition: 


a) When (Li sbosh moves continuously in such a manner 


) 
3 
that dim (2, q ho)s dim (2, q £3)s dim (2, n Ly) remains 
constant, then 1 (21545543) remains constant. 

b) 1 (4) 54554) an+ dim (2, al Le) + dim (4, al £3) + dim (2, 2,) 


modulo 2. 


Proof: It is enough to show that the rank of the quadratic 
form Q(x1 5X5 9X3) = B(X) 5X5) + B(x, 5%) + B(x3,X,) does not 
change when the fis move continuously. 

Let us compute the kernel I of Q3 we Nave (x1 9%XqsX3) e Il, 
if and only if B(X4sY5) + B(ysX5) + B(xX5s¥3) + B(Y5sX3) + 
B(x3,y) + B(y3,x,) = 0 for every YysYos¥3 € Bj sbosh3. But 
B(x, = X39¥p) + B(x, 7 X19¥3) + B(x, - X59Yy) = 0 for any 
y, € his Yo € Los 3 € b, implies x, - x3 € Las xX, - xX, € hy, 
Xq - Xy € h,. 

Let us consider the change of variable ia= X5 + X3 - X)> 


Yo = X3 +X) = Xos V3 = Xy + X, - X33 then we have y, é L, al £3, 
Yo + ¥. Yo t+ y 
Yo € h, qn Li ¥3 ¢ 4, a Los and xX, = 2-3, Xp 2, 


Vo ey. 
x3 = ees hence by this transformation, the kernel is 


isomorphic to (2, fa Ly) @ (2, q £3) ® (£, n Ly) and this proves 
the assertion a). 

For b) we have 1 (Ly 545543) =p-q, where p+q = rank 
of Q = 3n - dim (2, q Ly) - dim (2, q £3) - dim (2, q Li)s sO 
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1(4,,£5543) aon+ dim (2, n Ly) + dim (4, n £2) + dim (£, a L,) 
mod 2. 
1.9.4. We define: 
ek eels SiG we ae 


Let Lo be a fixed Lagrangian plane, and let (4, 5u,) a 
point of A. We define the following system of neighborhoods of 
(2,,u,): Let Ly be a Lagrangian plane transverse to 4), 


and @ a neighborhood of Ly in <A3 we define 
U(L5 54450 4,) = {(Lou)5 Le % wé Z, with y= Uy + t(45£554)525)) 
(where t(b,b 345545) is definedin 1.5.12). 


1.9.5. Proposition: The U(L5u4599 45) form a neighborhood 


basis for a topology on "Ks 


(9,4,)). Let us prove that (U(Z,5u,39245)) form a system of 
neighborhoods. Let LA be another Lagrangian plane such that 


_ 
4, a bs O. We have 


w(L, 581525) = 1 (bsborb, 288) = t(bysbor8h) + 1 (£506, 85) 


t(£, 545344) = 1(4,£,,£4) : 


—_ | 
We have Ly a L, = 0, L a LA = 0, hence Ly belongs to the open 
set A \ Agr 
4, Ly 
let ©, and , be two neighborhoods of hy in A, and 
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eo a neighborhood of Ly contained in the connected 


ee 
component of Ay Ag. If £eo, then £&£ can be deformed 

2 2 
continuously to Ls remaining transverse to Ly and Ly. Hence 


by 1.9.35 1f he QO, 
(4,455,443) = t(L)545,44). 
This proves that 
U(4)5445054,) = U( 45 5u359 45) c U(4159; 544245) q U(Sy 533% 245). 


To conclude the proof, it suffices to show that, given some 
U = Ul4,5u,59£,), if a is sufficiently small, then U is 
also a neighborhood of any point (£',u') in U. We choose 
Q as being open and contained in Ng” Thus £' and Ly are 


also transverses. Now we can easily see that 
U(Z',u'50,4,) = U(4,54,5034,) 


as the equality to be verified is 1(£",45,4'54,) + t(£', 8554545) 
= t(b",8545545)s which follows from the chain condition (1.5.8). 


1.9.6. We denote by w the map 4 >A given by (4,uy) > 2. 
It is clearly a continuous map, and the fibers of this map 


are discrete, so ‘K is a covering of 4A. 


Remark: a) Let Ly ‘a Lo = {0}, i.e. Ly is in the simply 
connected set tye the neigborhood UCL, 445045) of La s\y 
in ‘” is simply o x Wy, as (45,4554) 545) = 0. Therefore 


Thy ) is isomorphic as a topological space to No x ZZ. 


90 


b) If 4, = Los then for Lh, such that £, n Lo = 0. 
We have t(L,£554454,) = 1(4,,4,£,). The neighborhood 
U( (Lost) 3 (Ms 45)) consists hence of {(4,un)} for 4£6€, and 


w= Uo = t(£,4,4,). 


1.9.7. Example: Let us consider V=€ with the alternate 
bilinear form B(u,v) = -Im uv. Here the Lagrangian planes 
are just the one dimensional subspaces. We identify the one 


dimensional subspace Ret with the element eit 


» hence A 


is identified with the circle T = {u;|lu] = 1}. 


i 


c 


Let us define Ly = Rk, h,, = iR; in the preceding identification 
of A with T, we have the following numbers for t(Los454,): 


+/ 


— —. 


; os 
x 
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We draw now the manifold , with the neighborhood U((4£550)3 (ns45)) 


w= -l 


At a point (£,u) with 2 #4 Lo» the topology is the usual 
topology of the circle. Let U be a neighborhood of Ly in 
T, then a neighborhood of (£50) in A, above U, is: 


(ZosO)}u ((4,1)3 £e UN (Imz > 0)} u ((4,-1)3 2e UN (Im z< 0)}. 


Hence we see that the connected component of (£530) is as 


follows: 
yn 
/ \ 
f a, 
U4 eve UU U 
\ , 
XN 7 
Sk ow 


and is isomorphic as a topological space to R, i.e. is 
simply connected. The connected component of (2551) consists 


of the complement; hence n is the union of two copies of R. 
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1.9.8. Let G=Sp(B) be the symplectic group. Let 7 be 
a fixed element of <A. We recall that we have defined in 1.6.14 


the group Cy = Gy ZZ with the following associative law: 
0 
(2191) (B59M5) = (8 Bosny + Ny + 1(Ly98)°4 9981 85°45) - 


uw Ww 
We denote oe by Go: _ 
Tet us define the action of Gy on A by the following 


formula: 
(g 041) + (2su) = (e454, tut t(b556)4528)4))- 


It is easily verified that B1°(E>:2) = (€,-B)-2 for 


any gz, E Gos B., € Ga, £2 ei: 
1.9.9. Let us consider the function Mo: n X X +Z defined 


by mo((4su),(2'5u"')) =u - nt + 1(£,4',0,). The following 


lemma is clear: 


1.9.10. Lemma: a) m(@-2,6-2") =m (2,8") for any 


6) 


2,2 € NB g € Gos 
b) m(,,£5) a mo (45,43) + m(£5,£,) = r(7(4,),7(45),7(43)). 


1.9.11. We now define the topology of Go. Let ee€G be the 


identity element of G. We give a fundamental system of 


neighborhoods of (e,0) as follows: Let Ly be a plane 


transverse to Los Q a neighborhood of e in G. We define 


v(o,£,) = ((gs-t (gl osb5545))5 gen}. 
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Let U1 = (v(a,£,)}. We have to verify the axioms: 


ar: er ih A, € cl, there exist A € ct such that 


alee 


S 
A Ay q A, ’ 


b) for every A € ct, there exists B € ct such that 


Btca, 


c) for every A €c¢t there exists A,»A, € et such that 


AJA, CA, 


d) for every g€G and A € ct, there exists Bé «qt 


such that gBe toca. 


For a) we write 
t (gh 5345545) as 1 (86545545) = t(g£5545545) oe t(bos45244)- 


So if g is sufficiently near 1, we can deform gL to Ly 
in the open set £n £, ah f\ LA = Q. Hence by 1.9.3 we will 
have t(g£554532£3) = t(bs45548)5 and a) follows. 


ye Peat sO 


For b) we have (g,u = (g 
V(%s25)7* = (et ye (ehosfosbo)). We write t(gl,f5240) = 
wt(B7 hos 87 Ly sko)- If g is sufficiently near the identity, 
g*h, is transverse to Los and b) follows. 


For c) we compute 
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v(n,£,)-v(a", £5) 


((as-1 (abo 45545). (8,-1(82545,45))5 a2en, 8 € at 


((a8 5-1 (ab 5245545) - 1(8£5,6,,40) + t(Lo,0£ 520845) )}. 
We write 
t(£5,045084,) or t(Z,s04554,) + t (ab ,:08403 45) + tla8so,bos45)s 


and we remark that forgery 8 ¢« o' sufficiently small 
| 

(£584 5545) = t(£5s8L 590 Le) if q is sufficiently near 
the identity, as aL, can be deformed to L,, remaining in 
the set Lo q Le, = QO, BL a L, = Q. 

ad) is verified in a similar way. 

Ww 
Therefore G 


O 
It is easy to verify that €o acts continuously on ee 


has the structure of a topological group. 


nA 
The group G) admits a character s (1.7.11) of order 4. 
We will see that the kernel of this character is the universal 


i~ 
covering group of G. Thus G is the union of four connected 


6) 
components, each of them being simply connected. Similarly ry 


is the union of two connected components 4, || L, where 


+ 


he = {(£,u)3; pe n+ dim (£N 45) mod 2} 
K_ = ((4u)s wa n+ dim (£1 2.) + 1, mod 2) 
daw wre 
each of the components Ay and A_ being simply connected. 


1.9.12. Let us consider as a model of a symplectic vector space 


en 


v=e" =m" with the bilinear form B(u,v) = -ImKu,v>, where 
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<u,v> is the canonical hermitian inner product on of. 
We denote Re<u,v> by S(u,v). Thus S is a positive 
definite symmetric form. We denote by J _ the multiplication 
by i. Let U(n) be the group of complex-linear transformations 
of o” leaving invariant the hermitian scalar product <u,w, 
i.e. U(n) is the group of unitary transformation of ¢”. It 
is clear that U(n) ¢ Sp(B). 

We consider Ly =R” as a fixed Lagrangian space. We 
denote by Pi Pry ***, P. the canonical basis of Ry and 


n 


Q, = iP,. If £ is any Lagrangian subspace, we can find a 


basis Pi» 


form S. As & is Lagrangian, it follows that Pls Ply sees Pi 


Pl, see, Prof £ orthonormal for the symmetric 


is an orthonormal basis for the hermitian form h 3; hence there 
exists a unitary transformation u¢ U(n) such that u(R") = 4, 
i.e. the manifold A is homogeneous for the group U(n). Let 
us denote by x >xX the conjugation go of ¢” with respect to 
Rm’, and u~>U=oyo the corresponding conjugation on GL(n;¢). 
It is clear that ue U(n) leaves stable R"”, if and only if 


u=u, i.e. wu has real coefficients, so ue O(n). 


ny, _ n ‘ - _ ad 
We have u, (R ) = u, (R ) if and only if as Uy =u, Uj, 
tee. way = Pep iae We denote for ue U(n), v(u) = wu? 


and for &£ = u(R") ¢« 4, v(2) = tut. v is a continuous 


function from , into U(n). 


1.9.13. Lemma: £f2£' = 0 if and only if v(£) - v(é') is 
invertible. 


Proof: If £1 £' # {0}, the equations z= v(4£)Z and 
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z = v(£')Z have a common solution, hence v(L) - v(£') is 
not invertible. Conversely by applying a suitable element of 
U(n), we can suppose £=R" ana @' = un"; if x = ua x, 
then x = tuts, hence X = wa lX. Hence the O-eigenspace of 


facaun) is stable under conjugation and there exist x € IR” 


such that x = v(u)x , so x € Rn 4! 


oS 
We consider the group U(n) C U(n) x R defined by 
{(u,¢): det u = et?) . The map SU(n)xR— U(n) defined by 


(A,¢) > (Ae*?, no) is an isomorphism. Hence,as SU(n) is 


o~w/ 
simply connected,so is U(n) . If g € U(n) there exists a 
ié. 
P n z J 
complex basis Cpr Ons sees ey of ¢ such that Be; =e e ij 
with 815 8552-25 eR. 


ru 
For (g,¢) € U(n) , let 819 Brees € R such that 


and let us consider for wu defined by 1.8.7 
u(8,/2) + (6/2) Paes eee) 


This expression does not depend on the choices of By Pore e ee Oe 
verifying a) and b); as for another choice (87, 95,---, 81) we 
will have up to a reordering 

ay/2 = 6,/2 + kyr, so y(8}/2) = (A, /2) + 2k, 


BODES Ry oie ig Me MANS: Pe Nien; dey 2 ulate) S Sa( gee). 


oF 


ae, 
We now can define a function a(g,9) on U(n) by 


a(g,9) = ru( 0, /2) with 6, verifying a) and b). If g € U(n) 


1 1 ein 


with det g=e"', detgg =e » hence (g,9) > (ge +, 29) 


[Ne oN 
is a map from U(n) into U(n). 


~~ 
We define now the function wu: U(n) + Z by 


190%, u(g,e) = a(ga +29) 


We have .u(g, prem) = u(g,p) + 4. Let us remark that as 


u(0/2) #1 mod 2, if @ + kn, we have u(g,9) =n + dim(sN£,) mod 2 


0) 


od 


Let (£,.n,) €EA,, ice. n, Ent dim(s, Ms 


1 1 0) 
There exists (81%,) € U(n) such that a(v(g, ),2¢, ) =n, 
as follows from the preceeding observation. ?) and v(g,) 
are uniquely determined by this condition. We denote v(g,) by v(Z,). 


We define for a couple ((4,,n,),(4 n, )) € Ko xi 


m'((£,5n,); (4,.n,)) a a(v(t, 


Remark that m'((£,.n,),(4),n,)) = -m'((£)5n, )s(255n,)) 


1.9.15. Proposition: Let dys dys L, € is x K, x A, then 
v(m (21) ,1(25),7(65)) = m'(2),25) + m'(2,£5) + m'(43,0)). 


Proof: We remark first that the second member doesn't depend 


yd Pa 
~~! rd ~ ! — 
on tyr tos b, but only of (4) 5 bos 43) In fact if (£3) = w(L,); 


w(L5) = T(L5)s (28) = 1(23), then o! = @) + Kits oh = g + Kos 
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%3 = %, + kan . Hence 


°4 - ?) S ?, - ?) + (k,-k, )n 
°3 - 4 = 3 - %, + (K2-k, )n 
1A _ ! ei : ~~ - 

vat 3 ns (kK, k)m 


Therefore the second member does not change. 


We remark also that if u € U(n) 


m'(us,,us,) + m' (uly, uF, ) + m'(uZ,, ud, ) 
= m' (B, » Ly) + m'(4,, 43) bm (4,,1, ) » 


oN 
where use denotes any element of Ay whose projection on A 


is us, . This follows easily from the fact that v(ud, ) . 


sil = z oi aly 

uv(4; )u , hence v(ud, ) v(us;) = uv( 4; ) v(t, )u is 

conjugate to v( 4, )"v(4,) and so have the same eigenvalues. 
Let us now prove the proposition. We assume first 


that bys fos be are transverses. Transforming by an appropriate 


element of U(n) , we can suppose that £, = ty = mR”. Now 


n = a = a a 
as aa L, Oo, at 4. Oe.) Ly ‘, O , the matrices 


v(45)> v( £3) as well as v( ty) +v(B5) does not have the 


eigenvalue 1. So for (0,}, (07) ; (0° } verifying a) and b) 


respectively associated to v(Z1)s v(£,)5 v(4,) vb)"; 


ekr ¢ (a, 


of the open set o of Aa x A defined by 


‘ O}s O;)- Now consider the connected component U 
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Oe Cts te S20; a' ty = 0, £n £' = 0) 


containing fos he . By the preceeding remark and 1.9.3 both 


sides of 1.9.15 remain constant on U. Let 


wm 
T 
| ad 
Su ows 

6) 
rd 

b- 
+ 
® 

b: 
© 

ke 


i 
iH} 

| ae 

| (~~: 

=) 
8) 
& 


By Lemma 1.9.1 it is then sufficient to prove (1.9.15) for (2554, 543). 


It is enough now to calculate for the 2-dimensional symplectic 
in/i, 


5] 


space. We have T(IRP,R(P+Q),RQ) = 1 and P+Q=e 
Q = elV/2p | We have u(et™9 a/b) Soe | u(et/? 1/2) a ae 
in/e , . sree 
u(e ,7/2) = 1. Hence the equality is satisfied. 
For t(IRP, R(P-Q), RQ) = -l, w(e tT, ns) = -l, 
info ~-in/4 _ : : er aside 
u(e »71/2) = 1, wle ,7/4) = 1 and the equality is satisfied. 
Suppose now that bys bos be € Ax A x A are not transverse. 


We will prove 1.9.15 by induction: We can find feA 


transverse to bys bos bys Jy, 545,524, . Applying 1.5.8, it is 
enough to prove the Proposition 1.9.15 for T( Lys £55 4) when £ 
is transverse to £,,4, as well as Jk. 

Applying an element u € U(n) , we can assume that 
L, = R. Let 4, n £1, = # O: let us choose a basis PLE 
of p» orthogonal for S and we complete it ina 


n 
orthogonal basis (Py sPoseees Pro Pry yoereoP of R (for the 


oe, 
Porm. SJ) VHEnée AP iow Pia Peg Ps (CeeersOs) ith 


@; = JP; is a symplectic basis for V. 
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We consider the orthogonal Ws of ptdp= c* with 


respect to B, then Wo has a complex structure isomorphic to 


co » and ws is isomorphic to oto as a symplectic vector 
space. 
Let us consider first the case where 
ge gnc * ey ne" 
os n-k _ n-k _ a p 
Let 4p = 2, ¢ =? = 5 = £)/p 
oh. DK = fe) 
ty = by Nn ¢ = fy n ue = 45/0 
pe ee BAC = ae Wo = to 


By oHld; T( 4,5 2 »4) = TCL], te £') . By the induction hypothesis 


2 2” 


TCL, 25,41) = m( 21,21) + m(21, 4") + m(b', 2 


Let Bi & U(n-k) such that g 


g' € U(n-k) such that g' 


&, | 0 
then g, = ( 1 ) is such that g)4, = 4, and then there 
oa 


gS 0 
exists g" € U(K) such that if g = ( ) oe Bike Shs 
0 g di 
Lo; 
Let %] such that det gt =e » ',g"” such that 


2 t s " t " 
det g' = en , det g" =e"? | Then det g= ell? a Vs set 


p= mi tm. 


We have now to verify the equality 


Equality which is clear, as 


-1 
234 v(e}) “v(g') 0 
v(g,)7v(g) = ( ———) 
0 v(g") 
A 8) i¢ 
and as a( ( ) ; Py Sa %) with det Az=e 1 det B = 
0 
= a(A,9,) + a(B,%,) 
and a(A*, -9) = -a(A,¢) 


We will reduce ourselves to this situation by 


deformation. By hypothesis Ly and & 


Jh 


are transverse to 


. u RQ, ~ J/be¢ Yo be the matrix representing %, in Ay ’ 


1 e 1 
L.e. 
fae Fag Oy 
and: 
t= (x ty,x: x € 4, J 
Hence, with respect to the basis P Peck Poy 


Qype Qorer es Qs Qe yrs Q, » we have 


0) 6) 
ass , Sa 
Yo = ( ; ) where v5 = 
5 


t 


Let y the matrix representing £ in 


y 


' 
2 


is a symmetric matrix. 


102 


where u and w are symmetric matrices. The condition 


£2 £, = 0 an 4, = 0 are translated in det y # 0 


det (y - Yo) #0. We can certainly deform u in u(e) such 


t 


Vv 
that ye) = ) still verifies det y(e) 4 0 


Vv Ww 
det(y(€)-y,) #0 and such that det(u(e,)) 40. Hence we 


can assume U invertible. 


1 0 \ 
Let us consider then g(e) = ( j) with \ an 
ex} 1 


(n-k) y kK matrix. Then glé)y, to (g) = Yo and 


u vi 


ele) y “e(e) = Gearpar) = ve) 


with vi = £u,° TVS 


es 


Clearly det y(e) = det(g(e))< det y = det y # 0 


det(y(e) - Yo) = det (y-y,) #0. 


We can choose,as u is invertible, A = -uly 3 as y(1) = 


u QO ., 
cso ; we have constructed £(¢€) a deformation of 2, 
) w! 


such that £(e) Nn f= 0, 2£(e) n fo = 0, and £(1) = 


eee Sia ae 


1.9.16. Corollary. The map (g,9) (g,4(g,9)) is an homomorphism 


NY os 
of U(n) into G. 
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Proof: We have to verify 


T( Los 81 2998049) = We Bosyt5) - U(gys0,) + UlEs%>) 


which is clear. 
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Appendix: A generalization of Maslov index to local fields. 


Let k be any local field of characteristic different of 2. 
Let (V,B) be a 2n-dimensional symplectic space over k. 
The Heisenberg group is the set N=V yk with the law: 


(v,t)-(v',t') = (vtvl, t+ tt +4 5 B(v,v')). 


The results of Chapter I, corresponding to the case where k =R 
have been generalized by Patrice Perrin [11]. Similar results 
have been obtained independently by R. Rao [12]. 

Let E be a vector space over k. We fix y a non-trivial 
additive character of k. This allows us to identify the Pontria >in 
dual 2 of (E,+) with the algebraic dual ag by associatimr: to an 


element f of E” the character x > x(<f,x>). 


Let A be the set of Lagrangian subspaces of V, i.e. the 
set of maximal isotropic linear subspaces of (V,B). For fea, 


L=4yxk is an abelian subgroup of N and 
(l x y)(v,t) = x(t) (ve 2, t € k) 


is a character of L. We obtain the Schrddinger representation 
of N associated to 4, by inducing this character of L. We 


write 
N 
wW(Z) = Ind f (1 x x). 
L 


The representation W(Z) acts on the Hilbert space H(£) 


of function » from N to C satisfying: 
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(1) m(nh) = (1 x x) (n)7+ o(n), for every neéeN, he L. 
(2). 7 J lp(n) |° dn <, where dn is an invariant 
“N/L 
measure on N/L. The representations W(Z) is a unitary 


irreducible representation of N in H(4). 

If £@ £' =V is a decomposition of (V,B) into a sum 
of two Lagrangian subspaces, the map f(y) =f(y,0) is an 
isomorphism of H(Z) with L°(2). 

We now compare the representations w(Z,) and W(Z,,) 
associated to two different choices £45 of Lagrangian 
subspaces of (V,B). 

Let E be a vector space over k and dx a Haar measure 
on E. We denote by dx* the Haar measure on EF” which makes 


the Fourier transform 


(Ff) (x*) = f v(-<x",x>) f(x) dx 


E 
a unitary operator (dx”* depends of the choice of y). 
If (vV,B) is a symplectic vector space, V is identified 
to v* by B. We choose on V the unique Haar measure dv 
such that dv = dv”. 
If S is an isomorphism from the vector space (E,dx) to 
the vector space (F,dy), we denote by |S| the unique positive 


scalar such that: 


Is| f(Sx) dx = f f(y) dy , for fe Li (PF) . 
F 


E 
Let (2,545) be two Lagrangian subspaces of (V,B). The map 
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* . 
1 9 defined by 


(6g, 0, '%)99) = B(xsy) (x ¢ £,, y € 4,) 


induces an isomorphism still denoted by g, , from £,/4,04, 
ard 

* ' 
to (£,,/4,04,) . Let ax} be a Haar measure on V/by5 dx, 
a Haar measure on V/k5 (i.e. we fix the norm in H(£,) and 
H(£,)). We choose a measure du _ on Ly al Ly. Then there exists 
a unique measure dx, on £,/4,0b, (resp. dx, on L/h, My) 
such that: 


du dx) dx} dv ae a a L, ® L/h, 0b, @ v/£,) 


resp. du dx, dx} dv 3(v= Ly al L, @ L/h Nk, Q@ V/£,) j 


Let |g | be the module of the isomorphism g 
Lesh, Loshy 


with respect to dx,,(dx,)*. Then lg [/eax does not 
1 2 L L, 2 


Pied 
depend on the choice of du. We obtain, as in 1.4, the: 


A.1l Theorem: The operator 


defined on a dense subspace of H(4) extends to a unitary 
operator from H(Z,) to H(Z,), intertwining the irreducible 
-1 
representations W(£,) and W(2,). We have f =f Z 
1 2 Ly shy Loss 
A.2. Let E be a finite dimensional vector space over k. Let 


V = E® E*, with the alternate bilinear form 


B(x, + fy5 X5 + f,) = f,(x,) = £1 (x5) 
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Then V is a symplectic vector space and V=E@E”* isa 
decomposition of V as a sum of two Lagrangian subspaces. Let 
Q be a symmetric form on E. We denote by SQ the map between 
E and E defined by Q. The subspace Ly = {x + SoX3 X € E} 
is a Lagrangian subspace of V. Let us consider the unitary 


operators F of * and They are both unitary 
Esly E 


E,E* 
operators intertwining the irreducible representation W(E*) 
and W(E) of N, hence they are proportional. he thus define 
the Weil index Y(Q) of Q as being the scalar of modulus 
one such that: 


Foyt’ tgs E* = ae e 


EyE 


Let Q be non-degenerate: We calculate y(Q) as follows: 

let us choose a measure dx on E. We denote by |Q| the 
module of the transformation So with respect to ax, ax”. The 
equality 


_ Fath ppt) (0,0) = v(Q) (Fe gam) (040 


is then written as follows: 
A.3. rf ( 1 1/2 ere 
li o(x-y) ¥(1/2 Q(y)) [al dy dx = y(Q) [ w(x) dx 
EE E 
for m a function in the Schwartz space over E, identified to 


1/e dy is 


a function in H(E’). (Let us remark that |Q| 
independent of dy: it is the unique positive measure do such 


that the transformation 


fq (x) = eG: y rly) dg is unitary). 


108 


The following properties of y(Q) are immediate: 


A.4. If Q= 0, then y(Q) =1. 


y7t = y(-Q). (This follows after conjugation of A.3, 
AvOe: 2 igs Ey 6 Eos with Q = Q, ® Q5 is an orthogonal 


decomposition of E, y(Q, ® Qo) = v(Q,) v(Q,). 


Let us consider the Witt group We of k defined as follows: 
We form first the semi group generated by the equivalence class 
of non-degenerate orthogonal vector space (E,Q), with the 
additive law (E,,Q,) + (E,,Q,) = (E) @ Ej, Q, + Q). We then 
identify (E,Q) to 0, if E=(Ve V*5Q5) with Q)(x + f) = f(x) 
the duality form. It then follows from the properties A.4, 


A.5, A.6 that Q > y(Q) defines a character of Whe 


Remark: If k =R, the map s(E,Q) = sign Q defines an isomor- 


phism of W with Z. 


kK 
Let (V,B) be a symplectic space. We define as in 1.5 the 

Kashiwara index 1(4,,£5,43) of three Lagrangian subspaces of 

(V,B), as being the element of the Witt group W, associated 

to the 3n-dimensional orthogonal space Ly @ Ly @ ba, with the 


quadratic form 
Q103(%y tie x3) = B(x sX,) ‘+ B(x55X3) + B(x5X,) . 


We have (with the same notation and proofs as in 1.5) the following 


properties of the Kashiwara index: 
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A.7. Theorem: 

a) 1 (2) ,£5543) is invariant under the action of the 
symplectic group. 

b) t(£),£5543) = -1 (£556,543) = -1(4),43,65)- 

c) Suppose (25,43) are transverse Lagrangian spaces. 


Let 2193 be the quadratic form on L, defined by 
1 a 
2103 (Xp) = B(P13%osP31%>) 5] 
then 


t(£,,45,63) = (2 


3) 299453) 


d) Let fy sho shashy be 4 Lagrangian subspaces of (V,B) 


t(Lsbosb3) = (fy sbosty) + 1 bysbzrby) + (L350) .4y). 


e) let poli nk, + hy £3 + hy n f,. Then 


P pp 
1 (£5 ,£5,88) = t(L),b554 


3 ar 


A.8. Theorem: (Patrice Perrin). Let (£),45,43) be three 


Lagrangian subspaces of (V,B). We have: 


F, F Sf F Fy, = y(1(2y5£5563))-Id- 


eae”. oo 3 
Proof: Let (45,43) be transverse. The form B identifies hy 
to 4}. In the notation of A.2, we then have 4, = l,, .~ Thus, 


by definition of v(Qi53) and A.7 c), the theorem holds. If 


Ly and & are not transverse, we prove it by induction on 


) 
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dim V as in 1.6, using A.7 c) and d) and Lemma 1.6.4. 


A.9. We define a canonical projective representation Ry (g) 


of the symplectic group G over ky, by 


Ryle) = Jp og * Ale). 


In coordinates Ra (g) are given by the formula 1.6.20. 


These operators Ry (s) satisfy the fundamental relations: 
Ry(g) W(2)(n) Ry(g)7> = W(4) (gen) 


Ry (8285) = Cy(81 285) Ry (gy) Ra (go) 


with Cy (84285) = v(1 (25815256 )854))7* 

ay by 
Remark: On the open set ((g.,g,)) ¢€GxG with g, = ( ys 
ee 1?©2 a Cy dy 


aa “3 3 
E> = (o a)? B3 = 618 = (, a) with c,,c, invertible, 


we obtain, as in 1.6.22, 


ey (syies) Swley ea, 0s 


as in [17]. 
A.10. It follows, from the Theorem A.7 a) c) that 


(21585) > t(£,8,458)854) is a cocycle of Sp(B) with values 


in the abelian group W We then can introduce the extension 


7 
wm 
Gp of G by We with the exact sequence: 


i-—>- Wy —_——> Ss manag G———?> 1 


by defining: 


Tit 


mo 


Gp = {((g,a)s g€ G qe W} 


with the multiplicative law: 
(25241) (85945) = (218529, tdo+1 (458,458) 854)) - 


A.1l. The map (g,q) > v(q) Ry (e) is a true representation 
of Gy We will now prove that Ry (g) lifts in fact to a true 
representation of a double covering of G. 

Let us define for aek’, v(a) to be v(Q.)5 when 
Q(x) = ax° is the one dimensional quadratic form. v(a) is 
a function on K*/(K*)F, 

Let us define, for a,b € k*, the Hilbert symbol (a,b) to 
be 1, if a is the norm of an element of K(pl/@), We need 


the: 


A.l2. Proposition: (Weil, [17]). Let a and b_ be two 


element of e, then 
(a,b) = 


Let @Q be a non-degenerate quadtratic form on a vector 


space E& of dimension n. We write Q=2 ax4 over a basis. 


1 


The Hasse invariant €(Q) is defined to be T (ajsa;)- 
i<ix jen 

It is independent of the basis. The discriminant “D(Q) of Q 

is defined in Ke Ke, By induction on the dimension of V, 


A.l2 implies: 


ha: ¥(Q) = (v(i))F 88"? V(p(a)) £(Q). 
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Let us remark that we have: 


y(1)t = 4OWE ~ CU oly) (igi (a.t2) 


Thus v(1l) is a 8th root of unity. We recall that for 


e1Tx we have yY(a) = eit /* Signa it 


k =R, and y(x) =e 
is possible to calculate y(a) explicitly for any local field 
[ UJ, 12]. 

Let us define oriented vector spaces: Let E be a vector 
space over k of dimension n. We say that two couples (E,e) 
and (E,e'), where e and e! are two non-zero elements of 
ACE, are equivalent, if e=ye' with }j«e Kr, An oriented 
vector space is a class of equivalence of such a couple (E,e). 
If E is orlented, E" 4s naturally oriented. Let a and Ly 
be two oriented Lagrangian planes. The map By Fe is an 
isomorphism from £,/4 Nb, to (2,/8,4,)". If one chooses an 
orientation on Ly al Los we obtain, from the orientationsof Ly 
and Los orientations on £,/h, 0b, and L/h, Mb5- Then, one can 
define det ee mod (k*)° and it does not depend on the 
choice of the orientation on Ly a £,. As EL shy 7 8h 40) 


we obtain from A.13 the relation: 


v(det gp z ye v(det e},,0,) = (y(1))4 C= (n-dim aT a £y)). 


ae 
A.14. Let Ly and L, be two oriented planes of E. We define 
m(2,,2,) = (y(2))?d-(n-dim 4) 0 45)) v(aet ap 7 7? 
1? “2 b be 


1? 


We then have: 
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~~ 


wn ~ 7 eal 
m(£,,2£,) = m(£,,,41) ; 


The symplectic group G acts on the set ‘\ of oriented 


Lagrangian planes. Clearly m(£,,4,) is invariant under the 


action of G. 
A.15. Theorem: 
v(t (Ly52ps43))* = m(Z,,£5) m(Lo,2,) m(L5,2 


Proof: If (21,4563) are mutually transverse, we have 

v(1(£),45543)) = v(@153) and Q193 is the symmetric form on 
= 

L,, which is equal to 651831830 (1.7.6), thus the Theorem 4.15 

is a consequence of A.l2. If not, we prove it by induction as 


ng gure Cra oe 


A.16. Let & be an oriented Lagrangian space above 4. Let 


s(z) = m(£,g-2£). The function s(g) satisfies: 


=a 


Cp(Gy»8o)° = 8(e,)7> sla)7* a(e,@0)- 


Thus the square of the cocyle of the Weil representation is a 
coboundary. This implies that the representation Ra (g) lifts 
up to a true representation of a double covering of 4G, the 
metaplectic group, that we now describe: 

Let T = the unit circle in €. We consider as in 1.6.2, 


the Mackey group Ga = Gy T with the multiplicative law: 


-1 
(g1,t1)-(E5st.) = (B1Eost toc yp (e 2B) ). 


for 
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Then the function R(g,t) = tR, (eg) is a unitary representation 
of the group G,: As in 1.7.9, we define the metaplectic group 


G to be the subgroup of G, given by: 


2 


G, = ((g,t); ee s(g)71}. 


The map (g,t) >g realizes G, as a double covering of G. 


Let us choose a section g >€,t(g)) of G in Go, i.e. 


ye -1 


let us choose a function g > t(g) such that t(g)* = s(g) 


Then the map (g,£) > (g, ét(g)) is an isomorphism of the set 


G x¥Z/2z with G,. The multiplicative law on G xZ/2z 


becomes: 


3 
with 
- Cp(B12E5) t(e1e5) 


t = = 
cf (8158) ~ee,) te) + 1, from A.16. 


(1) (1+ (n-dim(Zou-£)) 


Choosing t(u) = y det g pe 


b 
d 


and using A.1l2, A.13, it is possible to express Cy in function 


ex., if u= (2 9), with c invertible, t(u) = v(1)*"y(det c)7 
of the Hasse invariant and Hilbert symbols. If 
d a b 
Re tee ay 3 
g, = ( )s & = ( js & = B18 = ( 
L Cy a a Co d,, 3 I-2 G3 d 
with det Cc, = fi» det Ca = Ros det C3 = B25 all non zero, we 


have 


C1 (8.85) = Eley csc, 7) (83354105) (oye45) 


and similar formulas 


if G = SL(2,k) 


tC 
t (2 
and 
Ct (E1585) = 
with 


c if 
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on the full set GyG. In particular, 


”) =y(c)"+ if ¢ #0 
2) a OL) lay te SE eo 


(v(g,)sv(go)) (-v(g,)v(e,),v(e185)) 


ec # O which is the formula of Kubota [6 ]. 
d if c=0 


Bibliographical Notes. 
The study of the Heisenberg group and of its commutation 


relations (Heisenberg's uncertainty principle) was developed 
with the theory of quantum mechanics. A fundamental result is 
the theorem of Stone-Von Neumann [1] (Section 1.3). 

As discovered by I. Segal [13], the uniqueness of the 
canonical commutation relations leads to the construction of 
a projective representation of the symplectic group. This 
representation was studied by D. Shale [14] for the finite 
or infinite dimensional real symplectic group and by A. Weil 
[17] for the symplectic group over a local field. 

In connection with asymptotic solutions of systems of 
differential equations, Maslov [10] introduced an index. 
The properties of this index were studied by Arnold [1], 
HOrmander [4] and Leray [7]. We introduced a modified definition 
due to M. Kashiwara who obtained the results of Section 1.5 and 
gave the approach of Section 1.9. The link between the Maslov 
index, half forms and the Shale-Weil representation was observed 
by J. M. Souriau [15] and R. Blattner-B. Kostant-S. Sternberg [3]. 
Using the definition of M. Kashiwara, the Theorem 1.6.1 was obtained by 
the first author. This gives an explicit formula for the cocycle 
of the Shale-Weil representation ({8] a)). This formula was 
known on an open subset of the symplectic group [17]. 

In Section 1.7, the Theorem 1.7.6 is due to the second 
author (see [7] a)). Results of Section 1.9 are due to 
Masaki Kashiwara. Results of the appendix are due to Patrice 


Perrin [11] and Ranga Rao [12]. Of course, underlying implicit 
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references are [14] and [17]. 

We note that B. Magneron [9] has defined a generalization 
of the Maslov index for a triple of complex positive Lagrangian 
planes, which he used to compute the cocycle in the Fock model. 

The Weil representation is a privileged example of the 
deep relation between group representations and symplectic 
geometry. This relation, known as "the orbit method", was 
developed by the work of A. A. Kirillov [5] a) (see also b)) 
on nilpotent groups. The cocycle of the Weil representation 
is a particular and fundamental case of the Mackey cocycle for 
extending a representation of a nilpotent Lie group. The 
corresponding Mackey extension has been determined by M. Duflo [2]. 
Generalization of the explicit formula 1.6.11 has been given by 


the first author in [7] a). 
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The Shale-Weil representation. Part II 


§-series and correspondences 


by 


Michele Vergne 
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2.0. Introduction: We have constructed in Part i a projective 
representation R of the symplectic group. As discovered by 
A. Weil, this representation plays a central role in the trans- 
formation properties of the classical Jacobi 4-serie 

Q(z) == eimn®z and higher dimensional 4-series, when inter- 
preted ae suitable coefficients of this representation R. We 
indicate now the nature of the relation between R and theta 


series: 


Let D be the Siegel upper half-plane, i.e. 


D = {Z,(n xy n) complex symmetric matrices, such that Im Z >> 0}. 


The symplectic group G acts transitively on D, via the fractional 
linear transformations Z > (AZ + B)(CZ + p)7t, 

Let (R,V) be a representation of G (or of a covering 
group of G) in a topological vector space V (for example, 
the space of C -vectors of a unitary representation TT). We 


Suppose that there exists a covariant map Z > Vo of D to V 


such that 


. ~k 
2: Oude, R(g)-v, = det(CZ + D) Vewz’ 


Let T be a discrete subgroup of G. Let 4%«€V" bea linear 
functional on V  semi-invariant under f, i.e. we have: 
2.0.2. <R(y)-8,v> = <9,R(v)7+.v> = y(v)<a,v>, for veT,veV, 


with y acharacter of fT. 
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It is clear from 2.0.1, 2.0.2 that the function 6(Z) = <a,v,> 
is a function on the Siegel upper half-plane satisfying the modular 


relation: 
9((az+B)(cz+D)7+) = are det (cz+D)* 9(z), for y (RB) et. 


We will call 4(Z) the coefficient of the representation 


R with respect to Vy and 9§. Thus the transformation properties 


of such function 4(Z) are the immediate consequences of the 


separate transformation properties 2.0.1. for v. and 2.0.2. for 


Z 
9 and the search for such theta-functions will be divided in 

two parts: the construction of covariant functions Z > Vz 

from D to V_ and the construction of semi-invariant functionals 


§ under T. 
Tet us consider the first problem: It is clear that a 
covariant map Z> Vo from D to V is completely determined 


by its value at the point Z,=iId of D. The vector Ve 


0 
has to be an eigenvector for the stabilizer K 


) 


0 of Zo in G. 


If we require that the function Z->v, be holomorphic in Z 


Z 
in order for 4(Z) to be a holomorphic function of Z (the 
corresponding infinitesimal condition is that Mae should be a 
highest weight vector with respect to a compact Cartan subgroup 
of G), all such "holomorphic" covariant maps arise in the 


following way: let us consider the representation Te. of G 


on the space 4(D) of antiholomorphic functionson D given by: 


(271)#)(T) = (det (cU+D))7* £(au+B) (cu+d)7+) for 


g = (ALB, 


c|D 


2.0.3. (zy, 
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Consider the map Z > Vo with 


U-Z\-k 
2.0.4. v, (U) = det (Sr) 
then Z->v, is a covariant holomorphic map (with weight k) 


Z 
from D to (T, s0(D)). 


However, the problem 2.0.2. for (T, s(D) ) is tautological 
to the construction of modular functions. At the contrary, the 
model of the Weil representation will provide ample examples of 
§-distributions semi-invariant under congruence subgroups of 
Sp(n,Z ). 

let us consider (V,B) the canonical real symplectic vector 
space of dimension @2n. Let N be the Heisenberg group associated 
to (V,B). We have constructed in (1.2) a unitary representation 
W(£) of the Heisenberg group by inducing a character of the 
connected maximal abelian subgroup L_ associated to a 
Lagrangian subspace 4%. As pointed out by P. Cartier [4], 
there is another model for the representation W especially 
interesting in the context of 4-series: Let r be a self- 
dual lattice in (V,B) and y a quasi-character of r 
(i.e. y(vtv') = el tB(vev') yy (vt). To (r,y) is associated 
the induced representation W(r, y) by the subgroup 
R = exp(r + RE) of the Heisenberg group N (section 2.1). 

This representation W(r,y) is irreducible (2.1.13), thus is a 


model for the representation W. 


n n 
In some symplectic coordinates, r= ® Z@ Ps 8 @ ZQ, 
i=l i=l 
and we choose y as given by: y(Zm,P, + 2n,Q,) = (m1) Ma Py 
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The symplectic group G acts on N. The 4-group T[(r,y) is 
then defined to be the subgroup of the symplectic group leaving 


stable (r,y). In the basis precedently chosen, we have 


Trey) = 1G =) e Sp(n,z ); a“B, D’c have even diagonal 
coefficients } (2.2.19) 


As the action of T(r,y) on N leaves stable the inducing datas, 
T(r,y) acts naturally on the space H(r,y) by automorphisms. 

Let us choose 2 = 8 RP, as fixed Lagrangian subspace. 
Thus W (in the Der Re model associated to 4) is realized 
in re ( @ RO,) = L? ¢R") . For g € Gy, the canonical operator 
R(g) ee (essentially) unique unitary operator such that 
R(g) W(n) R(g)"* = W(g-n). 

Let us consider the functional (a,f) = = o f(r). It 


reZ 
is immediate to verify that the function: 


n> (a,W(n)7+.£) = (9-£) (n) 


is naturally an element of H(r,y). It follows (2.2.30) from 
the unicity of R_ that 


2.0.5. (8-Rg(y)-£)(n) = aly"? (a-f)(vn) . 


In particular the functional f > (6,f) = (ef)(e) where e is 
the identity of the group N, is semi-invariant under the 
operators R(y) (y € T(rsy), and we have solved the question 
2.0.2. (This result is essentially equivalent to Poisson 
summation formula. ) 


The explicit formula for g(y) is not known. We however 
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express a(v) as a Gauss sum (2.2.26), (or 2.2.8, more 
generally). The formula for the cocycle Cy of the Weil 
representation determined in Part I, Section 1.6 gives us 
the relation (2.2.28) 
SE r(Lsv Lovq%p° 4) 
a(vy¥5) = al¥j)alys) e 
This relation implies reciprocity formula for Gauss suns. 
Let us discuss the Problem 2.0.1. Let Z be an element 
of the Siegel upper half-plane. Then 2Z defines a complex 


C 


structure on (V,B), thus a subspace of Vv’. 


N 
2.0.6. The function (v,)(#) = eit (Zr sr) (which is L°(R"), 
as Im Z >> 0) is then characterized as being the unique 

hy (2.2.23). Thus it follows that the 
is a covariant map from D_ to 1° (R"), i.e. 


vacuum vector for 


function Z > Ve 


R(g) -v, is proportional to v It is easy to compute 


ay i 
(2.2.35) that: 


(g)-v, = (det(cz + v))7”? v 


ws 


27057: a 


(where R is the true representation of the metaplectic 
group). 


Thus from properties 2.0.5-2.0.6, we see that 4(Z) = (8,v,) = 
2 eit (Zesn) is a modular form on D of weight 1/2, with 
rE 

respect to a double covering group of the 4-group, i.e. we 


have: 
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1/2 


9((AZ+B)(cz+D)7*) =€(v) (det(cz+D))*”° 9(Z) for every 


Vv € T(r,y)- 


The explicit determination (1.7) of the square of the cocycle 
Cy leads us (2.2.22) to the determination of g(y)*, as given 
by Igusa [13]. 

In Section 2.3, we establish in more detail the relations 
between "highest weight" vectors of a representation T of 
SL(2,R) (or of the universal covering group), coefficients of T 
and holomorphic modular forms. We also define Poincare series 
and their basic property with respect to the Petersson inner 
product. 

In Section 2.4, we give as example the construction of 
modular forms of weight 1/2 on the upper half-plane by means 
of 4-series. Let us recall that a theorem of J. P. Serre and 
H. Stark [28] asserts that all modular forms of weight 1/2 
with respect to some congruence subgroup T)(N) arise this 
way. Section 2.3 and Section 2.4 are not used in the rest of 
the notes except 2.3.1-2.3.6. 

In Section 2.5, we study tensor products of the Weil 
representation R. The setting is the following: Let (V,B) 
be a symplectic space and (E,S) an orthogonal space, with a 
quadratic form S. Then the space (V @E, B@S) is again a 
symplectic space. It is clear that the direct product 
Sp(B) x O(S) is naturally imbedded in Sp(B @S). The pair 
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(Sp(B),0(S)) is a dual pair in the terminology of Roger Howe [11] 
This imbedding allows us to construct a representation Re 

of Sp(B) x O(S) by considering the restriction of the Weil 
representation R of Sp(B@S) to Sp(B) x 0(S). The role 

of the group 0O(S) in decomposing the representation R, ds 
analogous to the role of the symmetric group om in decomposing 
k-tensors under the action of GL(n,€). Where S is positive 
definite, each isotypic component of R, under O(k) parametrize 
in a one-to-one way an irreducible representation of Sp(B) 


(Howe, see [33], Kashiwara-Vergne [15]). 


If V=RP@RQ, then V@®E =P @E+RQ @E and the 
space of the representation R, is L°(B). Let us suppose that 
S is positive definite. Let P be an homogeneous harmonic 
polynomial of degree d, with respect to S. Then the map 


P 
z> ve where 


2.08: (vE)(e) = P(e) oitzs(r,#) 


is easily seen (2.5.15) to be a covariant map from the upper 
half-plane to L*(k) of weight. (k/2 + d). 

Let L bea lattice in E, integral with respect to S; L* 
its dual, then L” @ZP+L@2ZQ is a self dual lattice r 
in V@E. The hae of r(t yx O(L) in Sp(V @B), for To(L) 
an appropriate congruence subgroup of SL(2,Z) and O(L) the 


discrete subgroup of O(S) leaving L stable, is contained in 
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the corresponding  @-group T(r,v). It follows that the 


distribution 
2.0.9. (o,f) = 2 fle) 


is semi-invariant under Rg (To (L) x O(L)) (here S is of 
arbitrary signature). We compute explicitly the corresponding 
multiplicator a(v) (2.6.8). Similarly if dim V =2n, n 
arbitrary, dim ££ =k with k even, the determination of the 
square of the cocycle of the Weil representation (1.7) give us 
the multiplicator of the semi-invariant distribution Or 
(2.6.20), as determined by Andrianov [1]. 

If S is positive definite, the construction of ve and 
Gr, leads us to the classical theta series associated to positive 
definite quadratic forms, via: 


Qp(z) = <A, ve> = = P(e) oi725(e,8) 


ecL 


which are modular forms of weight (k/2 + d) on appropriate congruence 
subgroups. 

some modular forms considered by Hecke [10] or Zagier [37] 
are similar to these 4-series, being given by a serie of the 


form <= p(e) e2imzS (8,8) However, here S(e,#) is indefinite 


and the sum is restricted to the subset of L contained in the 


cone S(#,e) > 0. (We denote S(g,#) also by S(e).) 
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S. Rallis and G. Schiffmann [12] were indeed showing that 
these §-series arise also by forming coefficients of the 
representation Ro» where S is indefinite. They explicitly 
constructed rational function p(e) harmonic with respect to 


S, vanishing on the set S(#,#) =O such that, if: 


imzS(e,*) 


(vo) (») p(e) e for S(#,#) > 0 


= 0 if S(e,r) <0, 


the map z> ve is a covariant map from the upper half-plane 


to (ny): Thus the representation R, contains discretely 


S 
some representation of SL(2,;R) with highest weight vectors, 
but in a striking way, this highest weight vectors are supported 


on the set S(r#) > O (Section 2.5). 


M 
ue) 
~ 
ue 
— 


The corresponding f-series (9.,v>) = 
pod reL 


S(#)>0 
reinterpret thus some Hecke-~series or the Zagier kernel in the 
framework of the Weil representation, (2.6.14-2.6.16). 
We now indicate some applications of the representation Ro 


to correspondences between modular forms. 


In Section 2.7, we consider the case, where S is of 
signature (2,1). Then the connected component of group 0(2,1) 
is isomorphic to PSL, (R). Thus the representation R, is a 


representation of G, x PSL, (R) » where G, is the double covering 


2 2 


132 


of SL(2,R). It follows from the results of Rallis-Schiffmann 
(Section 2.5) that, for k > 1, the representation Th+1/2 ® T,, 
(2.0.3) is contained discretely in Ra. 

If v(z,t) is the corresponding covariant map, and L is 
a lattice in E, the a series 6 (zs7) = <Apsv(zs7)> will be 
a holomorphic modular form in z of weight k + 1/2, and in 
7 of weight 2k. Integration of modular forms of half integral 
weight k+ 1/2 against a, (z.7) for the Petersson inner 
product produces modular forms of even weight 2k. For an 
appropriate choice of L, this correspondence between modular 
forms of half integral weight and modular forms of even weight 
is the Shimura-correspondence ([30]). Note that Shintani [31] 
and Niwa [21] were at the origin of this interpretation of 
Shimura-correspondence. 

In Section 2.8, we consider the case where S is of 
signature (2,2), in view of the Doi-Naganuma lifting: Let 
K = Q(/D) be a real quadratic field, let f(r) = 2 a(n) e@t™" 
be a modular form of weight k for the full group SL(2,Z ). 
Suppose f is an eigenfunction of all the Hecke operators. Let 
L.(s) == a(n) n° be the associated Dirichlet serie and 
Le (ys 8) = ~ a(n) (5) n”* the twisted serie. Then, Doi-Naganuma [7] 


proved (under certain restrictions) that the function Lp(s ) Le (x28) 


is the Dirichlet series associated to a Hilbert modular form 


F(2452,) of weight (k,k). 
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Following Zagier [37], we will explicit this correspondence 
f >F as given by an explicit kernel A452 525)s via the 
Petersson inner product. 

For this, we consider a form S of signature (2,2). The 
connected component of 0(2,2) is a quotient of SL(2,R) x SL(2,R 


Thus the representation R. is a representation of 


S 
SL(2,R) x (SL(2,R) x SL(2,R)). For k> 1, the representation 
T, ® (T,. ®T,) is contained in Rg with multiplicity one. We 
explicit the corresponding highest-weight vector as follows: 

We choose E= (2 y 2 matrices x = a a) and 


2 
S(x,x) = -2 det x. The group SL(2,R) x SL(2,R) acts on E 


via (81585) °x = g1xe5- For (25525) € pr x pr, we consider 
“2, 242. : 
Q(z525) = os zy ) €e E : 


The Rallis-Schiffmann function V(t 32525) is given by 


v(ts2qs2y)(#) = S(esQ(z1525))* S(ese) et ettrS ("8 


on S(e,e#) > 0 


=O on S(r,#)< 0. 


This function satisfies the fundamental relation: 


Ro (83 (81 285)) vrs (24525)) 


- - -k 
= (cer+d) K (cz, +4,) ie (c,Zz5+d,) v(g-73 (1 °21285"25)) 
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for 8) &1) Bo € SL(2,R), and 1, 21» Z, in the upper half- 


plane. 
The lattice 
ee 
/Db Xx! 


is invariant under the action of the Hilbert subgroup SL(2,4) 
imbedded in SL(2,R) x SL(2,R) ¢ 0(2,2). This lattice is of 
level D. Thus we obtain that the distribution OF with 
(8,,f) = . f(#), is semi-invariant under Ty(D) x SL(2,0). 
In particular, the Zagier kernel 0(152sZ5) = (8, 2v(t523525)) 
is a modular form in + with respect to Ty(D), and a Hilbert 
modular form on (Z4525)- 

If S is of signature (1,1), the representation R, is 
isomorphic to the natural representation of SL(2,R) in L? (R®) 
via (7+ .£) (x,y) = f(axt+by,cxtdy). This simple fact (2.5.6) 

L with a distribution related to the 
orbits of SL(2,Z%) in 2°. This in turn leads to the Zagier 


allows us to compare 4 


identity expressing A(t 321525) in functions of Poincaré series 
in +t. This proof of the Zagier identity is based on an idea 
of Rallis and Schiffmann. As in Zagier, this identity is at the 
basis of the explicit calculation of the Fourier expansion of 
f, when f >F is the Doi-Naganuma map (for T,(D)). 

In the same spirit than Doi-Naganuma, H. Cohen [6] 
associated to a modular form f with respect to any congruence 


subgroup T(N) a Hilbert modular form Cuz aa) He also 
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conjectured the level of the modular forms oe In Section 2.9 


we prove this conjecture of Cohen. Namely, we prove the: 


Theorem: Let K = Q(/D). with Ds 1 mod 4. Let k be an 
integer greater or equal to 3. 

Let f(r) == a(n) ecimt . S,(To(N) sx) be a cusp form 
of weight k and character y on T)(N), where y is a 
Character mod N. 


Let us define, for (tan integral ideal of ae) 


c(h) = Br * y(n) (5) alNy jg( M/r)). 


Then: 
2inr(yz ty'Z ) 
K a 2 
= a B 
Ce(Zz4s25) “4 e(y ) e 
NI=i0) 
y>>0 
is a Hilbert modular form of weight k and character yo NK/Q 


on the congruence subgroup 


To(Nst,) = ((% *) é SL(2,%,), v € NO}. 


Our method is similar to the one of Zagier. We will 
reinterpret the Cohen map f > G as given by the Petersson 
scalar product with a 4=function 0 (152452%5) = KVaV(t52 925) >s 
where Le is a semi-invariant distribution on E carefully 
chosen. The main difficulty is to prove an identity for 
A (1224525) where the modular properties in the variable ; 
or (25525) are separately evident on each side of the formula-- 


this is done in a similar way as the proof of the Zagier identity , 
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We have chosen in these notes to minimize the group 
theoretical background. In particular, eat the exception of the 
study of the Shale-Weil representation R, described in Part I, 
no a-priori knowledge of unitary representations of SL(2,R) 
is required. 

The results of Section 2.1, 2.2, and 2.6 on transformation 
properties of the §-distributions are classical. We have 
derived here these properties from the explicit calculation of 
the cocycle of the Weil representation as presented in Part I. 
We believe this exposition is enlightening. However, a reader 
mainly interested in the material of Section 2.7, 2.8, 2.9 and 
familiar with the transformation properties of 4-series can 
can read only 2.5, 2.7, 2.8, 2.9 (eventually with some glance 
at earlier paragraphs). 

The exposition of the applications of the representation 
Ro to correspondences is strongly influenced by the work of 
Rallis and Schiffmann. We have however used also ideas of 
M. F. Vigneras [35] and of R. Howe [12] to give quite simple- 
minded proofs. As a result of these simplifications, the 
Rallis-Schiffmann method for computing the explicit expression 
of kernels as the Zagier kernel, and their expansion in terms 
of Poincare series, is an effective and conceptually clear way 
to give explicit correspondences. 


More detailed bibliographical notes, are given at the end 
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of each section. The list of bibliographical references is 
at the end of the notes. 

I would like to thank Dan Barbasch, Dorian Goldfeld, Victor Kac 
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author with Masaki Kashiwara on the Weil representation. I would 
like to thank both of them for sharing their ideas, in these 
common works. 
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patient typing of a fluctuating manuscript. 
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2.1. Lattices and representations of the Heisenberg group. 


2.1.1. A lattice r ina real vector space V is a subgroup 
of V such that r is discrete and V/r is compact. Then, 
there exists a basis (e,, Sng ety e,) of V over R_ such 


that r= he, ® Le, ® cee @ Ze. 


2.1.2. Let (V,B) be a real symplectic vector space of dimension 
on. Let r bea lattice in (V,B). We define r*= (*€V, 
such that B(£,r) ¢ Z}. If r= r*, r is called a self-dual 


lattice. 


2.1.3. Lemma: Let r be a self-dual lattice in (V,B), m an 
isotropic subspace of V such that rom generates m as a 
vector space. Then, there exists a symplectic basis Pi» Pos saey 
Py Qy Qos oe ey Qn of (V,B) such that: 


r=2ZP,@2ZP,@-:-@Z2P@20,8::-O824, 
m=RP, @ --- @ RP. (k <n). 


Proof: We will prove this by induction on dim V. We may 
assume m #(0},taking m=IR£ for some £er. Let us consider 
Xy in rom. The subgroup B(x,,7r) is a discrete subgroup 


of %. Hence there exists an integer N_ such that B(x,,r) = NZ. 


rad 
t~ 
* 


x 
Thus + ¢ r° =r and B(+r. 7) =Z. We denote by 
Let us choose Q an element of r_ such that 


) = 1. Consider the orthogonal decomposition 
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V = RP, @RQ, @ MV “OF (V,B). It is now easy to prove that 


r=ZP,@ZQ,@rnv if xer andif B(x,8) = nj, 


0: 
B(x.) =M5, X- n5P)+n,Q, ern Vo. Similarly 


m=IRP, @V,~nm. Furthermore ro Vv is a self-dual lattice 


1 Ce) 0) 
in Vo and ron Vo Nm generates Vo om as a vector space. 


Therefore the lemma follows from our induction hypothesis. 


2.1.4. Let (V,B) be a symplectic vector space and r=r* a 


self-dual lattice in V. We consider the subgroup 


R = exp(r @IRE) of the Heisenberg group attached to (V,B). 


We are interested in the representations W of the 
Heisenberg group satisfying W(exp tE) =e Id. Thus all 
these representations are trivial on the discrete central 
subgroup expZE of N. Hence we may consider them as representa- 
tions of WN = N/exp ZE. We identify WN with Vx tT via 


einrt 


(v,t) + (v,e ) with the multiplicative law being given by: 


(u,t)+«(v, 7!) = (utv, tr! eitBlu,v)) _ 


Let R be the image of the group R in WN. The fact that the 
lattice r is self-dual is equivalent to the fact that R is 
a maximal commutative subgroup of WN: the condition 


(u,r)-(v, 7!) = (v,r')-(u,7) for every uer is equivalent 


2imB(u,v) * 


to the condition e =] for every uer, i.e. Ver”. 
The subgroup T = {(O,+)} is a subgroup of the commutative 
group R. Let y be acharacter of R extending the character 


(O,+) > + of the subgroup T. We consider y as a character 


of R such that x(exp tE) =e 


2.1.5. Let (r,x) be a self-dual lattice with a given character 
x of R. We consider the representation w(r,x) of N induced 
by the character xy of R, i.e. W(r,xy) = Ind t x. By 
definition W(r,y) is realized in the Hilbert space: 

H(r, x) = {m, measurable functions on N with values in @ such 


that: 


2.1.5.8) (ny) = x(y 


Placed) f lo|> dn < ~}. 
N/R 


Let us remark here that, as N/R™ V/r is compact, there 
is a canonical choice of the measure dn on N/R, namely we can 


choose dn such that the volume of the total space N/R is 1. 


The map (If) (x) = f(exp x) identifies H(r,x) with the 
space L°(v,r,x) of measurable functions f on V_ such 


that: 
2.1.5.a') f£f(xty) = eitB(x, Y) x(y)77 £(x), xeéev, yer 


2.15.b') ff |e(x)|F% arco. 
. V/R 
en 


Let r be identified to the canonical lattice Z with 
respect to some symplectic basis (P,5Q,) and let 
4 = ((xsy) = (2 x,P,, 2 y,Q,), with O¢ x, <¢ 1, 0¢ yj ¢ 1}, 
then 


Flt? dx = J lec’ dx . 
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2.1.6. Our aim is to prove that the representation W(r,x) is 
irreducible. Let us first discuss how this model depends of the 
choice of the character y. The subgroup R of N is a normal 
subgroup of N, however the action of N doesn't leave the 


character x stable. In fact we have: 


2.1.7. Lemma: Let y and y! be two characters of R such 
that y(exp tE) = y'(exp tE) = e°iTt there exists an element v 
of V uniquely determined modulo r, such that 


x'(¥) = x(exp v) y(exp v)74) for every ye R. 


Proof: y'/y is a character of the discrete subgroup r of the 
vector space V. So there exists ve V_ such that (x'/y)(y) = 


e2imB(v,y) and v is uniquely determined mod r by this 


property. (In the coordinates of Lemma 1.8.3, 8 = y/y' is a 
character of gen hence there exists (8,584) uniquely 
determined mod Z such that 


2inr(s Mm, 


+5 n,6') 2imB(Z OIP.-S 6,Q,,5m,P+2nQ,) 
a(Z m,P+Z n,Q,) = ge NEG ee oe) 


ME ad j 


Then, for this v, we have 


)E)) = ecimBlv,y) ( 


y(exp v exp y(exp v)77) = y(exp y exp(B(v,yY x(y) =x"(y). 


2.1.8. Let n, be an element of N and let (no-«)(y) = y(ng yn 


0 0): 


The representation W(r,no*x) is equivalent to W(r, x), as 
the right translation operator (9 (no) @) (n) = (nny) establishes 
an isomorphism between H(r,x) and H(r,n)°x) commuting with 


left translations. 
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2.1.9. Let r be a self-dual lattice in V, R = exp(r + RE), 

and (£,£') two Lagrangian subspaces such that r=rnt@rn s'. 
(For a given r, such a couple (£,£') exists by Lemma 2.1.3). 

Hach element v of R can be written uniquely as 

y = exp uexp v exp tHE, with uerné#, vern't, teR. We 
then define Xg, gr (exe u exp v exp tE) = acim which is a 
character of R, as it is easy to check. We Nave 

vg, gr bexp(u ty)) = (-1)Bluv) =+1 for ueLnr,ve £' nr 


(we recall that B(u,v) ¢€ Z). 


2.1.10. To prove that W(r,v) is irreducible, it is sufficient 

to prove that the representations W(Z) (1.2) and W(rsvy gr) are 
3 

unitarily equivalent. More precisely we will construct a 


canonical operator between these two representations. 


2.1.11. We consider the following data: 


£ a Lagrangian subspace of (V,B) 

r a self dual latcice in (V,B) such that ri generutes 
£ as a vector space 

y a character of R = exp(r@WRE) such that y(exp y) = 1 
if yern&é, 


We consider the representation W(£Z) of N in H(£) (1.2) ana 
the representation W(r,y) in H(r,x). We want to define 

a 2 @ canonical isomorphism between H(£) and H(r, x) 
intertwing the representations W(£) and W(r,y). As in 1.4 
the formal construction of a is simple: 


A function » in H(£) verifies: 
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a) o(n exp y) = o(n) (for ye 2) 


-2irt 


b) (n exp tE) =e o(n). 


A function o' in H(r,x) must verify: 


a') o(n exp y) = x(exp y)72 w(n) (for yer) 


esc 


b') (n exp tE) =e 
We remark that if m verifiesa) then mm verifies a') for 
yernd’ as y(expy) =1 if yern&. Therefore we will 
"force" a function » in H(4£) to verify a') by forming 
2.1.12. (9% go) (n) = DY y(exp u) o(n exp u). 
uer/rn 
Now it is clear that formally a, verifies a') and that 


ex 0? being a sum of right translations operators, commutes 
3 


with left translations. 


As rn & is a lattice in £, rn & defines a canonical 
element |le.| of |A™£|: for P,, Pyy «--, P. a basis of 2 
r nH 1 n 
such that rn f= han ZP,, we define le. = IP, AP, Att" AP |. 
This doesn't depend on the choice of the Z basis of rn 4, 


as the matrix for a change of Z- basis has determinant nee 


We now prove: 


cape es Proposition: ax y defines a unitary isomorphism between 
3 


H(£,e,,) and H(r,y). 


Proof: By Lemma 1.8.3, we can choose 4£' a complementary Lagrangian 
subspace of £ in V such that r=rn£@ rn&!. For the 


choice of the symplectic basis (P;5Q,) as in 2.1.3, the space 
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H(f,e,) is identified with L°(R",ay), with p(y) = o(exp y-Q). 
For y = (y,, Yoo ***s Y,) and x = (Xj» X52 ‘ts X,)» we denote 
Zy,Q, by y-Q, 2 x,P, by x-P, and B(x-P,y-Q) by x-y. 

For u = (u,, Uns °*%5 u,) ez", u-Q describes the lattice 
rné'. As r=rnNnl@rn 4!, our operator ae is then 


expressed as: 


(8% go) (exp X- Pry -Q) = o(exp(x-Pry-Q)exp u°Q) x (exp u-Q). 


ueZ” 


We write 
exp(x-Pry-Q) exp u.Q = exp(y.Qtu-Q) exp(x-P) exp (= + xXx-u)E. 


Hence 


-2inx-u_-itx-y 
e 9 


(02g?) (exp(x-Pry-Q)) = 2 on X(exp u-Q)e (ytu) . 


ue 


For » in 4 (R"), this serie is absolutely convergent. 
Let us compute the norm of ax go in 1° (h):: As the functions 
3 


({e7PtTx-u, form an orthonormal basis of 1? (ax; O< x, < 1) 
we have 
lex poll@, =f ay Jeo? "YE o(ytu)x(exp u-Qye ett Pax 
ew F(A) Ky gS OK x,<1 nez® 
2 
=f zy le(yeu) © dy =f Joly) |* ay = loll. 
Ky 4<1 ueZ R 


Hence we see that our operator ax yg is an isometry. We will 
3 


now prove that ax 2 is surjective. More precisely, we 
3 
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similarly define a natural operator ey , from H(r,x) into 
3 

H(Z£) by "forcing" a function » in H(r,y) to be invariant 

under right translations by 4. This leads us to: 


Peat (6% £)(n) = f(n exp y) dy. 
4yr ey 
Let us check that: 
x X 2s 
evda lo oe eer = Id. 
We have to calculate for  ¢€ H(r,y) 


(0X go 6} .) (exp x-Pry-Q) 


be Be aieae eG ern Mes 


uez" 


E_ x(exp u-Q)eet™ Yan tm i o(exp yQ exp u-Q exp t-P)dt 
uezz” b/rne 


af pe) (exp(y-Qtu-Q)) 


) ecim-t at 


= x(exp u-Q)e o(expy-Q expt-P expuQ 


~2imx.u-imx-y f 
ue £/ 


rng 


= er lIX-Y y S 2imu: (t- 


x) 
dt; 
uez? “RZ” 


o(exp y-Q exp t-P)e 


as o(n exp u-Q) = x(exp u.q)7? o(n), 


= a7 LTx-y Citu-t 


»y dt. 
uez™ ve 


o(exp y-Q exp (t+x).P)e 


The function a(t) = o(exp y-Q exp (t+x)-P) is periodic in t 
( o(n exp u-P) = o(n) for ue Z, as  € H(rsx)). 


Hence 


eleyertms dt = a(0). 


2 
uez™ y Ze 
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Now we obtain: 


(0% g° 8) po)(exp x-Pry-Q) = eve ty 


Ht 


p(exp x-Pty.Q), Q.E.D. 


2.1.16. Let us relate the Poisson summation formula to the 
preceding proposition. 
Let U be a real vector space with a lattice T. 


Let U” be its dual vector space with the lattice 
T= fee Us e(T) co 2} 


Let f be a function in the Schwartz space “\(u). We 
o * 
define f eA(uU") dy: 
f(r) =f e72it(#,x) f(x) dx, 
U , 


where dx is the Euclidean measure on U defined by T. 


2.1.17. Proposition (Poisson Summation Formula): Let fe 
then: 
. * 
Sty) SS lye le 
yer y ¢T 
Proof: The alternate form on V = U@® U* given by 
B(x, + £1, X + f,) = £1 (x5) = f(x) defines on V a 


structure of symplectic vector space. It is clear that 


(exp y.Q exp x-P) 


J(u), 


r=T@TI" is a self-dual lattice in (V,B). The subspaces 


L U, £' = U* are complementary Lagrangian subspaces of 


We consider y = Xy gr ea! H(4,e,) > H(r,y) and 


(V,B). 
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Op 3 H(r,x) > H(£,e.,) the unitary operators (2.1.12), 
3 


(resp. 2.1.14). The operator Sy gy? H(4',e,) > H(4,e,) (1.4) 
3 
and the operator 6 e 8 , are two unitary operators 
Lr “r,4 
intertwining the unitary representations W(£') and w(Z), 
thus they are proportional. In fact it is immediate to check 


that Fog = 8 oy 08, gt? we have for q in 1? (u) = H(2') 
1) (Fy gio) (e) . ‘ o(u) du 


2) (@ gr) (exp u) = Z& pluty), uev 
3) (@p 16 8. grod(e) =f ( & plury)) au = J, ata) au. 
Thus we obtain by 2.1.15 


Fag: = 8 


aw) r,f'" 


In particular, for » « 4 (Uv) 
(8g Fg,grvd(e) = (8, gra)(e), 


which is formula 2.1.17. 


2.1.18. Let us remark that if U is a vector space with a given 


aA = s 
measure dx and if f(r) =/ e 2in(g,x) f(x)dx is defined with 
respect to this measure dx, then as te = dx when d(x) 


is the measure on U defined by T, we have the formula: 


Sort kw fly") = 2B tly). 


2.1.19. We will also have to consider the following situation: 


Let (r5 5%) and (r55X%) be two self-dual lattices with 
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their associated characters X12 %° 

Let us suppose that ry and ry are comnensurable, i.e. 
the change of basis from ry to ry has rational coefficients, 
and let us suppose that X1 coincides with Xo On Ty a) Ty: 
As rp/r rs is finite, there exists a natural intertwining 


operator 


2X 
ae ptt HCP %y) > H(rQ0%) 


between the representations W(r,5x,) and W(r55 Xp) given by: 
(0. 38 o)(n) = = Xo (exp u) o(n exp u). 
oer) uern/ry AT, 

It would be extremely interesting to analyze as in Chapter Ls 

the composed operator: 
X41 X XX XoX 

iS 3 %2 27): 

Q ° o 8 = a(r alr Tas X49 % 2%) Id. 
ry9T3 P3sP5 Poot] ee gee es 


We will determine the scalar a in special cases. 


149 
2.2. The multiplier of 4. 


2.2.1. Let us consider a self-dual lattice r in the symplectic 
vector space (V,B). Let y be a character of the associated 
group R= exp(r @IRE). Equivalently y is a function on r 
ty imB(v,v") | 


satisfying x(v + v') = x(v)x(v The couple (ry, x) 


will be fixed in this paragraph. 


2.2.2. Let &£ be a Lagrangian subspace such that 
a) rndé& generates 4 as a vector space, 
b) x(expy) =1 if yern &é. 


We have constructed in (2.1) canonical unitary operators 
OF and am) intertwining the irreducible representations 
W(Z) and W(r,x). 
Let £, 24, be two Lagrangian subspaces satisfying the 
conditions 2.2.2 a) and b). There exists a scalar 
b(£,,455(rsx)) = b(£,,4,) of modulus one such that 
yar’ or, oy = DL haF gt, as both members of the equality 
are unitary operators intertwining the irreducible representations 


w(Z,) ana w(£,). (The operator Bi has been defined in 1.4.) 
1 2 hyshy 


We will express b(£, 54.) as a Gauss sum. 


2.2.3. Let us first consider the case where Ly n £, = QO. Then 
rn 4, +rn 4, is a sublattice of r. We denote by 
F = F(L,,£,3r) the quotient r/rnjtrns,. This is a finite 


abelian group. 
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Let ey and en be the canonical elements of Ave, and 


AML, associated with rn #, and rn Z, (2.1.12). We have 


€,A€5 = cw, where w is the canonical form of (V,B). By 


2.1.3, |w| is the volume form associated to a Z-basis of r. 


As e,Ae, is associated toa Z basis of rn Ly +rn Les 


we have le, K e, | =f|w| when f is the number of elements of 

F. Hence the element 6(e,,e,) defined in 1.4.13 is equal 
~1/2 Np om ,No* 

to. £ le, | where e, € A Ly A hy. 


We denote by (Pp, >P,) the projections of V on (2,545) 
according to the decomposition V = Ly @ L,. 


-inB(p,(z),p,(z)) 
2.24. Lemma: The function I ,2,,(2) = y(exp z)e 


is a function on F = r/rnéjt+rnt,. 


Proof: Let us consider u,ern his u,ern L,, and z= Z,+2,¢r 


2 
(with z= p,(z)s Zn = Po(z)). Then 


-inB(z,+u,,z,+u,) 
x (exp Z+U, tu, )e Bee sa we 


STPBAE MP5) SAAB pu) ) PRUE ayer) 


= x(exp z)e 
B(z,u,+u,) + B(u,,U,) 
as exp(z+u,+u,) = exp Z eXP U, eXP Uy exp - E 
-217B(u, ,u,) 
But e = 1, as B(u,,u,) e B(r,r) CZ. Similarly 
-~i7B(z,u,) -i7B(z,,u,) -i7B(z,u,) -imB(z,u,) -2i7B(z,u,) 
; ae ae irs ies ae, 


and the lemma follows. 


2.2.5. Proposition: Let Ly sh, be two transverse Lagrangian 


subspaces: 
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-inB(p,(z)sp5(z)) 


a) Let G(4,,4,3r,x) = x(exp z)e 


D> 
7 ZeéeF 
then [GC 2, £5575) | = f / ; 


a pede . 
b) b(£,,4,) a f G(L,,4,3rsx)- 
Proof: Let me H(Z,), we have 


(3 g.e)fe) = sV/2 J elexp v) dv. 
od L, 
We compute: 


(87 yr? 8, 2,0) (e) = f (87,20) (exp v) av 


£,/4h,Mr 


( = (exp vexp u) x(exp u)) dv. 
veb,/Lnr uer/£,9r 


Consider the inclusions 4 AIG 4, nr¢t L,, nrcr. We can 
write any element of r/hjnr as u= z+ $5, where z varies 
over a system of representatives of F = r/f i nr+h or in r and 
6 varies in 4£,nr aL nr+hin wWbjnr. We write our 
integral as: 


2 2 exp v exp(6+z (exp(65+z)) dv . 
veb,/h1r ZeF 6ef,0r Gtx? pt )) x 


Now (exp v exp(6+z)) y(exp(6+z)) = w(exp v exp 6 exp z) y(exp z) 


i] 


w(exp v exp 6 exp(z,+z,) y(exp z) 


~imB(z,,z,) 
o(exp v exp 5 exp Z5) e oe x(exp z) 


B(z,,z,) 
ok z 


as exp(z,t+z,) = exp z, exp 2, exp - 
ev a 2 1 


and « € H(Z,), 
-i1B(z 


zs (exp (v+5+z, )) y(exp z) e v2) 


» aS Vs5,Z, € f,. 
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Then: 
-imB(z5525) . 
= = olexp v+6+z,)x (exp z)e dv 
vel, /L,0r zeF be£,Nr 
2-2 2 
-inB(z,52z,) : 
= = yx(exp z)e z w(exp(v+6+z,,) )dv 
zeF veb,/L,0r beL,Nr 


Clearly 


o(exp(v+5+z,) )dv = I ; (exp (vtz,,) )dv 
ve 


i) z 
vel, /h,or 6e4,,Ar > 


=f o(exp v)dv. 
vel, 


Therefore we obtain: 


G(2 4 3r,¥) o(exp v)dv 
le hee 


§ 
G(Lysbosrex)(t) PF 1,0) (e). 


X 7 AX 
eee 4°) (e) 


9) 
X 
As we know that both operators Jy, a) and ay ir ae) are 
eo ak 2 1 
unitary, we obtain the proposition. 
Let us now consider the case where 4, n L, =p #0. We 


form similarly to 1.5.9, r? =(r f p*)+ 9 =(r + p)N pt. 


2.2.6. Lemma: a) rfp is a lattice in o9. 


b) r°/p is a self-dual lattice in the symplectic 


vector space p*/p. 


Proof: a) The condition x ¢p is equivalent to the equations 


B(x,r Nn £,) = B(x,r N £,) = 0, as rn 4, and rf he generate 
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Z, and £, as a vector space. Let us write x = = x,e 

1 2 ie » ieee 
where e, € r (r is a lattice in V); then x ep if and 
only if (x, ) is the solution of a linear system of equations 
in Xs with integral coefficients. Clearly the space of solutions 
is generated by the ones with integral coefficients, i.e. p is 


generated by pfnr. 


b) We can choose a symplectic basis of (V,B) such that 


k n n 
rfNp= ® ZP, and r= @ Z2P,+ ® ZQ,. 
4=1 i=l i=] 
n n 
Thus r°/p is given by the lattice ® ZP,e@ @ Za, 
i=k+1 isk+1 
i; n n 
in p/™ 0 RP; ® ® RQ,. 
t=k+1 t=k+1 


2.27. Let (£5455 (rox)) satisfy 2.2.2 a),b). We consider 

p = £, 9 bo, V' = p*/p, N' = exp(p"/p @RE), £1 = Li/p, £8 = £o/o, 
rh = r°/p and R! = exp(r! @RE). As the character x is trivial 
on exp(r fp), we can define y' on R! by y'(exp uy + tE) = 


y(exp(u, + tE)) for u, ernp* mod rfp without ambiguity. 
1 l 
2.2.8. Proposition: 


b(2,s455(rax)) = DUET S53 (ri x')) 


-i7B(z 


12a) 
(exp z)e e 


zern(£5+ a) /tN ptrte 


where zZ = Z, + Z5, with 2, € by s2, € hos and f!' = cardinal of 
i. = 
Fio rn(£j+2,)/rn£,+rn£, . 
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Proof: Let us use the coordinates of Lemma 2.2.6. We write: 


V= Vo OV, with 


k k 
Vo = © RP, O © RQ 


ee P| isl 1 


n n 
® RPG © Ra, 
i=k+1 i=k+1 
Kk 


® IRP 
t=1 1+ : 


yi 


ne] 
i] 


n n 
r= ®©®2Z2P.6 © &Q 


i=l 1 i=] i 


As Li sho > p, we have Ly =o § at and L,, =p @® LA where 


Ly and Lh are Lagrangian subspaces of V'. The space p is 


Lagrangian in Vo: We have re=rnf Vo arn v' = Lo 6 r'. 


According to the decomposition V = Vo ® V', we can write: 
H(2,) ~ Hole) @ HY(Z4) 
H(r,x) ™ (ros XQ) @ H'(r',y') 


H(£,) = Holo) @ H'(24). 


Clearly 
X ! 
a! = g O 
hae Paes 8p rt 
8 a 9X0 x! 
T,4) “Tos? rt, bs 
Xo Xo , 
As 8 ae a. a Id,, » we obtain our Proposition. 
bie 8 0’ 0) 


2.2698 Corollary: 
-iTB(Z15Z 1/e 
= v(exp z)e (2), 2) = 2/2. 
zerN(hj+£,)/rnbjt+rnb,, 
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We have hence expressed b(£,,4,) in function of a Gauss sum G 


over F' and determined the absolute value of 4G. 


Now let £5 sh, and L, be three Lagrangian planes such 
that (4,3(r.x)) satisfies the conditions 2.2.2 a) and b). 
The Theorem 1.6.1 implies: 


2.2.10. Theorem: 
5pt(b4 545523) 
b(L,54,)b (45543 )b(£35£,) =e : 


2.2.11. We will now calculate b(4, 545) when dim V = 2. 


Let V =RP@RQ, r=2ZP@ZQ, and y(exp(mPtnQ)) = (-1)™. 
Let (c,d) be two relatively prime integers with cd even. We 
consider Ly =IRP and L, = R(cP+dQ); bi shy satisfy the 
relation 2.2.2 a) b), relative to (r,y). We have 
rn f, = Z (cPdQ). Now rnf,+rnf,=2Z2P+ 2ZdQ. Therefore 


Fio 


r/rnbj+rnd,, ~ZQ/ZdaQ™= Z/dZ. 


We write nQ = - “p+ 2(cpraq) = z, + 2,. Hence 
“a a 1 2 


imen® 


2 e 
neZ /dZZ 


-1/2 


v(£5,£) = b(c,d) = al 


Let h, = IRQ, then P53 = r/rMhotrnh, =“2ZP/ZcQ™= Z/cZ. We 


write nP = a(cPrd@) a Ada, therefore 


iran® 
-1/2 c 
b(£,,£.) = Iel DY e = b(d,c). 
( e 3) neZ./cZ@ | 
AS Fey = 0, (4, 4,) = 1. Thus by 2.2.10, 


b(c,d)b(d,c) = eit/4 sign eG as (£4), 45,42) = sign (cd). 
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We define for any integers (c,d) 


2imk@c 
= 


g(2c,d) = DY 
keZ /dZ 


i.e. if (2c,d) are relatively prime, g(2c,d) = la|2/2 b(2c,d). 


242.12, Proposition: For d> 0 


eink’ 
g(2,d) a p> e 
keZ /dAZZ 
is given by: 
1) g(2,d) = (141) Jd if d# 0 Mod 4 
2) g(2,a) =/d if del Mod 4 
3) g(2,a) = 0 if d= 2 Mod 4 
4) g(2,d) =i J/d if d= 3 Mod 4. 


Proof: Let d be an odd positive number. We have from 2.2.11 
ir 
“E -1 
g(2,4) = |al?/? v(2,a) = Jal”? e* v(a,2)7?. 


But itd 


b(d,2) = = Giae =); 


Therefore 
it 


b(d,2) = ot if d# 1 Mod 4 


_it 
=e oe if ds 3 Mod 4, 


and we obtain the equalities 2) and 4). 


Now let d be even. We consider the translation 
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k>k+ s on Z/dZ. This implies that 
itd 


2 
5 ecit(k+d/2) /a _ are. g(2,d). 


g(2,d) = 
keZZ /aZ 


Thus, if d# 2 Mod 4, then g(2,d) = -g(2,d) implying 3. 


If dz 0 Mod 4, then 


2 
g(2,a)=2 & ee / wo ya7e v(1,8) , 


hez /§ Z 
d d 
(1,3) are relatively prime and 5 is even) 
it 
aq ae\e b(S.1)7> 


it 
/2 at ira = (141) /d , proving 1). 


2.2.13. We recall now some definitions (see [18]). 

Let m be an integer. We consider the group (Z /mz )* 
of invertible elements of Z/mZ. An element of (Z/mzZ)* is 
the image of an integer a in Z such that (a,m) = 1. LIet 
y be a character of the group (Z/mzZ)*. We may consider x 
as a function defined on the set of integers prime to m _ such 


that 


y(a)y(d) 


x(a) . 


x (ab) 
x (at+mN) 


We extend y(a) as a function on Z, by defining y(a) = 0 if 


a is not prime to m. Sucha y is called a character Mod n. 
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Let p bea prime. We define for an integer x prime to 
p>» (=) = 1 if x is a square in I, =2Z/pZ and (5) = =] 
if not. We have (5) = xP-Ve Mod p. The map x > (5) is a 
character mod p, called the quadratic residue mod p. 


We define now,for d an odd integer, the number éy to be 


€ =1 if dw=tl Mod 4 


d 
eS =i if ds -1Mod 4. 
We have Egon 


2.2.14. Lemma: Let p be an odd positive prime: 


2 
1) b(2xp) = [pl og ePAMHE/P LX) 
heZ /pZ 


p° 


2 irxp/2 
Se tak itxk”/2p l+e x 
2) b(x,2p) = |p| z e = (————-) (=) € 
: V2 nex /2pZ /2 P 
Proof: a) The expression 
2imk’x 
e =P 


Py 
keZZ /pZz 


depends only of the class of x modulo the squares in FF? 


if x= ae mod Pp, we can replace k by ak in the sun. 


Therefore if x = oo we obtain b(2x,p) = b(2,p) = Ipj72/2 b 4 
from 2.2.12. 


Let us now suppose that x is not a square mod p. Using 
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the fact that the sum of all the p-roots of unity is zero, 


we get 
2itru eink oink! 
2 5 eP 2x08 (1+2 S ~eF \) ees oS. eh 
ueZ/pZ k square k! not 
in Fy, a@ square 
2imk® 2imk@x 
= a e P +ze P ‘ 
keZ /pzZ 

Hence b(2x,p) = -b(2,p) = (2) |p|" /? t.. 


b) We write an element ke Z/2pZ% as k = 2k, + Kop 


where k, € Z /pZ and k, = 0 or 1. Now 
2 2 2 
ae (ek, + KP) 2imxk, Seeahe a it xk5p 
e P =e P e Le e 2 
2 2 
eit Xky imxpk,, 


So 


Kk, €Z /paZ 
which is formula 2). 


2.2.15. Corollary: (Quadratic Reciprocity Law). 
a) Let (p,q) be two positive odd primes, then 


(25) 2) 
(E) 2) = (-1) ree 
(2) =1 if pel or 7 mod 8 


(§) =-1 if ps3 or 5 mod 8. 
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Proof: a) We have 


b(2p.a) = (2) €, 
impq 
b(q,2p) = (—+ Se, - 
ir 


a by 2.2.11, we have 


aypa 1 
1+ ZZ 
(F) (4) bate ema Bet 2 


Then, as b(2p,q)b(q,2p) = 


The formula then follows by direct computation, as: 


i 
itr - = 
gt (ee) ae 
V3 pq 
b) We have b(4,p) = (=) c., from 2.2.14. Using 

itr 

b(4,p)b(p,4) = se and the explicit computation of b(p,4) 

we obtain pb). 


2.2.16. We define now the generalized quadratic residue symbol 
(F) for (a,b) integers, b odd as in ([30]) by the formula: 


1) (€) =-0 if (a,b) #1 
2) (>) = sign a 
3) if b>O, b= mT 


d primes not necessarily 


a i 


distinct 
(B) = 1) 
4) (4) = (A ® 


1 e 


5) (ep) 
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It is clear that (=) is bimultiplicative in (a,b), i.e. 


a ihe) a Bo 


—s=) = Ee) (2) 


2.2.17. We have the following properties: 


1) For b> 0, 9) depends only of a Mod b. 
b-1 
2) (4) = NS 
a=1 


: (25*) (83) , 
(=) = (-1) (=). 


3) (For a>O and b> O, 


this follows from developing a and b in product of primes, 
and apply 2.2.15. For a and b arbitrary, we use 2.2.16 2) 


and 4).) 


4) bo (=) is a character Mod 4a. (This follows 


from the property 3.) 


162 


We now express the Gauss sum 


\-1/2 zr d 
keZ /aZ 


b,, = b(c,d) = |d 


12 


in function of the quadratic residue symbol (5). We recall 
that b(c,d) is defined for cd# 0 Mod 2, (c,d) =1. 


2.2.18. Proposition: Let (c,d) be two integers, with 
(c,d) = 1 and d an odd positive integer. Then b(2c,d) = (5) € 


Proof: If d is prime, the proposition has already been 
established. Let d= pr’, with ro> 1. We prove it by induction 
on r. We have to compute 


eimrk-c 


2» e 
keZZ /p @ 


We write every element k in Z@ /p'z as k=yt pt ty where 


zéeZ/pZ and y varies over a system of representatives of 


Z /p lz . Then 


=2ime(y+p™ "+2 \*/or 2iny*c/p? cit (2ycz )/p 


=e 


If y is not divisible by p, then z+ 2ycz is a 
permutation of the classes of 2/pZ. Thus 


2in(SXc2) 
2 e P = QO. 
ZéEZL /pZZ 
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If y is divisible by p, then 


5 ecim(2yez)/p = 


p e 
Z€Z/pZ 


Hence we see that we have only to consider the classes y 


the form py' where y' ¢€ 2/e-°z . We obtain: 


. a2itk*c/p* ne z a2iny!®c/p™* 
KeZ, /p'Z y'eZ /p*- 
Thus we see that 
b(2c,p™) = b(2c,p7~*) = 


Cc 

( 7) E r-2 
p p 
by induction hypothesis. But 


(5) = (4), € Ste an oe (AS p’ = 1 Mod 4). 
pt p* pt 2 pt 


Therefore we obtain the Proposition 2.2.18 in this case. 


Now let d= did, with dy and d., mutually prime. 


We have to compute 


2inck 


>> e 
keZ /d jto% 


The map (k,.k,) >k,d, + Kod, is an isomorphism of 


Z /4,Z x Z [4% onto Z /4 14,22 . As 
2 2 2 
2ime(k,d, + kod, ) 2ined,ky 2in cdyk, 
— @.dn, meer: ane ad, 
: on Me 1 : 2 | 


of 
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it follows that: 


b(2c,d 


190) b(2cd,,d4,) -b(2cd, sd.) 


cd cd 


(—-2) &£, (—et) €, , by induction, 
“dy! “dy © dG’ “ay 


e \ 42, 41 


a “*) (22 ie. 
a ae ae a 
a (5) & 4? as fads fa fa (-1) 

qd, -1 do- 

Aap) 


eel 
end (a=) (s=) = (-1) 
1 “2 
This ends the proof of the proposition. 


2.2.19. Let (V,B) be a 2n-dimensional symplectic vector 
space. let r =Z2P,@2P, @ see @ ZF & ZQ, ® ews @ZQ5 
y(exp(m-P + n-Q)) = (-1)™°", 2 =P, 6 --- @ RP and 
{= eee 
£ RQ, & @ Ra.- 
We consider the group G = Sp(B). The subgroup [ of G 
leaving the lattice r stable is the subgroup Sp(n,Z) of 


matrices g ¢G with integral coefficients in the basis Pye Q,- 
Let us write g = (248) in Sp(njZ). Then gi = (<8 ai ) 

yl 6 BNe ays t[ t, ; 
We have (g-x)(exp u) = yx (exp ("su - tou), for ue rn & 


we (21) 8("5us “yu) " 


(g-x) (exp v) = y(exp tay - toy) for vern 4' 


t t 
(1) BK BV, cv) por vern dl. 
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Hence g leaves the character y stable if and only if the 
symmetric matrices as and 6 *y have even diagonal coefficients 


in the basis PsQ;: 


2.2.cO. For every ge T(r, x) the subgroup of G leaving the 
pair (r,y) stable, the Lagrangian subspace g-4 clearly 
satisfies the conditions 2.2.2 a) and b). Hence we define 

b(g) = b(4,g-23(r,y)) as a function on Y(r,y). The Theorem 
2.2.10 implies 


it 
: ap 1(4,8,4,6,8,4) 
b(g,)b(g5)b(g,85)"> = ea E: 


Therefore the function g > o(z)® is a character of the 
group T(r,xy). Let (t,58,57,) be the elements of f[(r,y) 


acting on 


Dy RP, @ RQ, 
jAi 
by the identity and on RP, @ RQ, by the transformations 


(5 f)s (G2). CP g))+ respectively. 


It is known [ 8 ] that [(r,y) is generated by the elements 
(t,,8ys04). As for each of these elements y, b(y) = 1, we 
obtain: 


2.2.21. Proposition: b(g) is an 8th_root of unity on 


T(r,x) : 
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We will precise the value of b(g) up to sign. 


Let us consider an orientation £* on &. We recall 
that we have defined a function s(g) = s(£*,g.£+) (1.7.7) 
satisfying 


-F 1(4,8)4,6)852) 
s,(e18,) = Sp(e,)sglas)e 


Hence we obtain: 


1 


2.2.22. Proposition: The function k(g) = b(g)°s{e)” is 


a character of the group T(rsx); with values in the 4 oD cots of 
unity. 


We will identify this character on a special subgroup of 
T(r,y)- We define: 


0 2 _ (a4 8 ; 
To(2) = (M= (fs) e Ts 8 y= O Mod 2). 


Clearly rp (2) c T(r,y). The element « = (S45) belongs also 


to IT(r,y) and acts by automorphisms on To(2): 


o(% F) ae = (SY) | 


a oA 


Aa 
6) 
We define T[9(2) to be the semi-direct product of ro (2) by a. 


As a set 


Aw 
0) i 
To(2) = 1g - (S44) € [T such that either « a § = O Mod =| 
, either 8 = y = O Mod 2 


“a 
Let us consider the following special elements of 7 (2) 


given by: 
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when S is a symmetric matrix with even 


I 
“~~ 
+ 

wy 
~~ 

. 


u(S) 
coefficients. 


A 0 
g(A) = (4 t 1) » with Ae€ GL(njZ). 


2.2.23. It is known that the group £2) is generated by 
(u(S),@(A),6}[ 8 ]. 


2.2.24. Proposition [13]: on To(2) 


( -1 


k(g) aac) if geé T9(2), g= (2 3) 


q0 


(a) 


Proof: let g = (245) in 2): As af6 - B°y = 1 we have 


ts =: 


a5 21 (Mod 4). In particular (det 6) in an odd number. It is 


easy to see that the function 
(det f-1 
-1 2 
g > (se x) = (-1) 


is a character of rp(2), as for 


aa » 8 = ete, B18 = rar) 


-l1 - ; 
If (det q)(det §) 21, then Gee! = (aE x) 3 hence this 
character is stable by the action of og on 72(2), Thus the 
formula 
ep Gee) s AiG) ee 
61 = \aet a! ? : 


aA 
defines a character of rae) It is then sufficient to prove 
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that k= k!' on the given set of generators of Le); 

let g = u(S), then clearly b(g) = 1 = s(g); hence 
k(g) =1=k'(g). Let g=g(A) with Ae GL(njz). Clearly 
b(g) =1 (as g-é = £) 


+1. 


s(g) = sign (det A) = det A» as det A 


-1 


ee (det A) = (sae) Let g=, then 


Thus k(g) = s(g 
b(g) = 1 as Fy pg =4, s(g) = i" (-1)", s(g)7+ = 15, q.e.d. 


2.2.25. Let gs (24%) e T(r,y). We now express b(g) = b(2,g-2) 


as a Gauss sum in function of (g,y). 


By 2.2.8 


~imB(z.,z,) 
o(g) = (£1)7/? z 1?%2 
. “ zerf(lt+e-£)/rné+rng- 8 a 


where 
f' = cardinal of rn(ft+g-£)/rnbtrng-2 , 


zern (hte), z= Z, + Zs with z, € 6, z, € g-. 
We have: 


£+gL=h + yb 
rn (£t+gh) 
rnf+rngh=rnbh+ ylsnr) . 


rnb+vyeonr 


Therefore 
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ea rn(stg-£)/rob+rng-£ = (yb)nr/y(Znr) = yor") n z*/y(z") 


let zeyi£nr, we have z= yx for xe. We write 


symbolically x= yz (i.e. x is any element satisfying 


yx =z). Then z = -ax + (qx + yx) with axe 4, ax + yx e€ g(h). 
So 


B(z)s%5) = -Blax,yx) = sip(es? age)" ; 


(It is easy to see that this formula is indeed well defined 


for zeyh, as if yx' = 0, 
q is t ' t q 
B(ax',y-u) = -B(“yex',u) = -B(‘ayx',u) = 0. ) 


Hence we obtain the formula: 


mi 
2.2.26. b(g) = 7/2 z ei tBlay 252) = o(9,¥) 
zeybnr/y(£nr) 


where f = ¢ (yénr/y(énr)). 


We recall that we have 


PEE? RS Ip(asy) | = ai 


iv 
-r 1(£,¢,4,8,8,4) 
Ble bigje’ 


U 


2.2.28. b(g,8>) 


In particular let o¢ = (244) . Then b(g) = 1. Now if 


g = (S45) ’ og = (11.3) : 


Thus 
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- 5 +(L, 0f,%@8) 


b(g) e 


b(og) 


iv =-1 
-7z 1(4,¢h,0 L) 
b(g) e 


As b(ys-a) = bUYsa) = blvay we obtain the reciprocity formula: 


t 
E sign(*ya) 
2.2.29. Proposition: blasy)blysa) =e : 


2.2.30. Let us consider the projective representation Ry of 
the group G=Sp(B). As T(r,y) leaves the pair (r, x) 


-1 


stable, it is clear that, if we define (A_.(y)@) (n) =o(y <n), 


A(y) for y éeT(r,y) is a unitary operator satisfying 


Any) W(ryx)(n) AL(y)7* = (W(ryy)) (yen) « 


Hence Ay) is proportional to the operator Ry(v) of the 
projective Weil representation. More precisely there exists 


a scalar a(y) such that the following diagram is commutative: 


ED i pe) 
ea, aa) 
Ay) 
H(r,y) —————————_>_ H(r,x) 


Let us compute a(y). We recall that R, is canonically 


definedby R,(y) =F yg »A(y), where (A(y)-m)(n) = @(y7>-n) 
is a unitary operator from H(f,e) to H(y-4,y-e). Now it is 


clear that the diagram: 
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A(y) 
H(£) ——_—_—_—_—_ H(v -2) 


X X 
a) ewe 
A(y) 
H(r,y) ——————. H(r5 ) 
is commutative (y leaves the pair (r,y) stable). Hence 
to calculate a(yv), we have to calculate the scalar «a such 


that the following diagram is commutative: 


fof 
CD) ss) 
ae, Or 
H(r,y) 
t.e. aly) = b(y8,8) = d(£,y7t#) = b(y7t) = d(y)7?. 


2.2.31. We now relate the model H(r,xy) of the representation 


W and @-series. We have fixed (V,B) with its symplectic 
n 


n 
_ = t = 7 
edy)s T=OLPLOZQ,, f hia RP,, £ S. RQ; 


basis (P 


Let D be the Siegel upper half-plane. By definition 


D = {Xs n-dimensional complex subspaces of V", such that 
1) B(x,y) = 0 for x,y € X 
2) iB(x,x) >O for xerx- {0} .} 


Let 1 € D, then the condition 2) implies that 1 (£%) =o. 


Thus there exists a map Z: (21° > (2°) such that 
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» = ((Zx+x)3 x e (£')*}. Identifying 4' with £* as in 1.1.8, 
the condition 1) is translated by the fact that Z is a 
symmetric form, i.e. Z = ve the condition 2) by the condition 
that (Im Z) is a positive definite symmetric form. Thus, 
considering the basis (P,)2(Q,) of £ and 4', we can 


parametrize D as: 
D = ({Z, n xn complex symmetric matrices, such that Im Z >> 0}. 


Clearly G=Sp(B) acts on D via \}>@-X. If 
) = {Zx + x, x € (21)%} and g = (4 5) then 
gh = {(AZ+B)x + (CZ+D)x; x e (2t)*). So we see that if ZeD 


the matrix (CZ+D) is invertible and, as 
(g-r) = ((az+B)(cz+D)"tx + x3 x € (£')"), 
the action of G on D is given in the Z-coordinates by 
ZZ = (az+B) (cz+D)7+. 
A |B 


ome Bis) 
j(g,Z) = det(CZ+D). It is immediate to verify that: 


2.2.32. Let us define for g = ( ) ¢€ Sp(B) and ZeD, 


J(B)G5s2) = Jl8ys8_°Z) J(B5s2) - 


Let us consider the representation W(£) of N in H(2£). 
We identify H(2Z) with 1 (4") = L (ayy, Oy. dy,)- Let us 
consider the infinitesimal representation dW of ™” in 4 (R”") 


(A GR") is the space of C™”-vectors of the representation W). 
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Let XC ae we say that v is a vacuum vector for } if v 


is a C-vector such that dW(,)-v = 0. 


2.2.33. Proposition: Let } € D, then the space of vacuum 


vectors for \} is one-dimensional and spanned by 


v,(y) = ett @ysy) (y ¢ £1). 


(Z corresponds to }, under the above parametrization. ) 
Proof: }\ has the basis Qs + ZQ,- As 
Ce een 
1 oy 


i 


aW(ZQ, )p = 2imB(2ZQ,,y)o 5 


it is immediate to verify that v is the unique solution of 


Xr 

the equations ( 3 o)(y) = 2i7B(ZQ,,y)o(y). Clearly, as 

q OY; 4? i , 
Im Z >> 0, v,(y) 4s in the Schwartz space A(R"). 

For i € D, we also denote Vy by Vo: We have 
defined the canonical projective representation Ra (g) of Sp(B) 
on H(£). From the fundamental property Ry(e)W,(n)Ry(a)~~ = Wg(g-n)s 
it follows that if v, is a vacuum vector for Z =k, Rg(g)-vz 


is a vacuum vector for g.\. Hence there exists a scalar 


m(g,Z) such that 


2.2.34. Ryle) -vo = m(g,2)-v, 7 . The relation 
Ry(@1G5) = CylBjsB>) Ryley) + Ryley) (1.6.11) implies: 


m( £4 Bo» 2) = Cy (1 285)m( eB: 2)m(gBo, 2). 


In particular, using 1.7.8: 
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9 
a 


m(g 18592)" +8(e,85)7~ = (s(e,)m(g,.¢5-%)°)(s(eo)m(g,5Z)°)- 


2.2.35. Proposition: m(g,Z)° = S(g) j(g,z)7t. 


- -l 
Proof: Both functions m(g,Z)°s(g) Ls u,(gsZ) and j(g,Z) 


verify the cocycle relation: c¢(g)&»2) = C(8ys85°Z) C(B5sZ)- 
It is then sufficient to prove the required equality on a set 


of generators of Sp(B). 


a) Let 
0 
g(a) = © t=) , 
with ae GL(R"), then as 
(Ry(g(a))-©)(y) = |det al?/? (*ay) (1.6.21) 
m(g(a),Z)* = |det al 
s(g(a)) = sign(det a) 

j(g(a).z) = (det a)~+ 


the equality is satisfied. 
b) Let 


u(x) = (FE) ’ 


with x = °x, then 


m(u(x),Z) = 1 
s(u(x))= 1 
j(u(x),Z) = 1 


and the equality is satisfied. 
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i, 


ao = (= 


then (R,(9)o)(y) = { o(yt) e724™(Y9") ayt. mus trom a 


calculation similar to 1.6.2 it follows that 


m(a,Z) = (det ($))"/? 


We have (1.7.4) 


40 


s(-) 


j(s,Z) = (det z) 


and the formula is satisfied. 
As {g(a),u(x),7} form a system of generators of Sp(B), 


our proposition is proven. 


Remark: As "formally" R(g) = s(g)7l/? 


R(g)-vz = (aet(cz+p))72/* 
(det (cz+D))7 1/2 


metaplectic group. 


Ryle), we have 
Vy 2? where the determination of 
is well defined for g belonging to the 


2.2.36. Let (r,x) be our lattice with its given character yx. 


The operator a” g: H(£) > H(r,%) is such that 
3 
X b: 
(% y-@)(0) = 2 9(?) 


We define the function: 


8(Z) = (OF g°¥z) (0) =z 2 oit(Ze,®) : 


It is clear that @(Z) is a holomorphic function on D. 
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2.2.37. Theorem: Let y ¢ I(r,x), then(for y = (E18), 


1/2 


Q(y.z) = E(y) det(cz+D) Q(z) 


when E(y)° =k(y) is the character of TI(r,y) defined in 


6) 2 -1 
2.2.22. In particular if y e¢ To(2), E(y)* = (yaa) - 


Proof: As det (cz+p)1/? is defined up to +1, g(v)° is 
well defined. Now we have: 
Q(v-z) = (8% p-v. _)(0) 
r,£ “y.Z 
= -1 ’ 
Veg = mysz)"~ Ryly)-v,- 


If Ye T(r,x), 
Ono Rly) = bly) AL(y) Oy. (2.2.30) 
Thus : 


(0F 2 Rglv)-v,)(0) = d(y) (any) eX g-v,) (0) 


b(y) (8% p+v,) (0) 


p(y) a(z) . 


Hence 6(y-Z) = m(y,z)7> b(y) @(Z) and our proposition follows 
from 2.2.35, 2.2.22. 
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2.3. Modular forms on the upper half-plane, 


2.3.1. Let us consider the action of SL(2,R) on the upper 
half-plane. let T bea discrete subgroup of SL(2,R) and 
xy a character of T. We wish to construct holomorphic functions 


f on pt such that: 


£ (S248) = y(y)(czta)* £(z) 


for every y = C >) in Y. (If f satisfies also: the 
additional condition to be holomorphic at the cusps, f is 
called a modular form of type (k,y) for Tf.) 
We wish also to consider forms of half-integral weight 5: 
Let G~ be the universal covering group of SL(2,R) and 
re ‘on a discrete subgroup of GY . We consider for any real 


number k (in fact k will be a half-integer) 


M(T,k,x) = {£ holomorphic on P* such that 


(ys9) in Te Gy , we 
x(yeX(2) o(2)), 


for every Y 


have f(y-z) 


We indicate first, in a sketchy form, how to construct certain 
theta-functions satisfying these conditions by taking appropriate 


coefficients of representations of SL(2,IR) 


cos 6 -sin 6 
2.3.2. Let G=SL(2,R) and K= {(sin 9 cos 9)}> 


Let (R,H) be a representation of SL(2,;R) ina 


(topological) vector space H (we will avoid carefully here 
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all delicate questions of continuity). Let veéH be an 


eigenvector for K of weight k, i.e. satisfying R(u(8))-v = e°*%. 


a b 
c 6d 


vector uae (ci + a)* R(g)-v depends only of z=g.i. We 


It is immediate to check that, for g = ( ) € SL(2,R), the 


denote it by Vis We have in particular: 
2.3.3. vis y K/2 R(b(z)-v), where z=x + iy and 
b(z) = ( ne Cn), aS d(z)-i =z 

©. oak 6) yi? ‘ 


2.3.4. The function z > v satisfies the fundamental property: 


k 


R(g) -v, = (cz+da)7 ae 
fet Gee (ES): ain AR se): ena ek: wee re HES 
ae ae fi 


eigenvector of weight k for K. If v is annihilated by J” 
under the infinitesimal action dR, v is called a lowest weight 
vector of weight k. In this case the corresponding H-valued 
function zt v, is holomorphic in z. (The Cauchy-Riemann 
equation for z > (f,v,), f ¢ H' dual vector space of H, 
corresponds to the equation J -.v = 0, as we will explain.) 

The typical example for the construction of such a function 
v, is as follows: We consider the representation T, of SL(2,R) 


on 6(P*), space of holomorphic functionson P*, given by: 


~1)e)(z) = (c2ta)“* f(g.z), for g = (® °%). 


(T, (g ec a 


Similarly, we denote by T, the representation of SL(2,R) 
on the space B(P*) of antiholomorphic functions on pt given 


by: 
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(T(g™*)£)(z) = (cz+a)™™ #(g-z). 


Let us consider the function ¥,,(2) = (z-w)7*, From the relation 
= ye. eed nee, cL 
25335. (g-z-g-w) = (czt+d)7~ (zw) (cwtd)7> , 


it is obvious to verify that: 


-k 
a ee 


(T(g)-t,) = (cwra 

In fact each representation (R,H) with a lowest weight 
vector v of weight k is isomorphic to a subrepresentation 
of (T,,O(P)), the isomorphism being obtained by sending vi, 


to Ye 


2.3.6. Let VT be a discrete subgroup of G. Let @¢€H' bea 
semi-invariant functional under T, i.e.: R(y)-6 = x(v)7+e, 
for all y eT, where y is a character of the group T. 

For v lowest weight vector of R of weight k, we can 
then form the "coefficient": @(z) = (@,v,). Then @ is a 
holomorphic function of z. Properties 2.3.4, 2.3.6 assure 


that: 


b 


x Q(z), for every y = C a) eT 


Q(y-z) = x(y) (eztd) 


Therefore a method to construct modular functions in 
M(T,k,x) is to construct representations (R,H) of SL(2,R) 
such that there exists 


1) avector v #0 in H satisfying 


R(u(8@))-v 


dR(J )-v 


tl 
io) 


2) a functional @€H’ such that R(y)-@ = x(y)77 8, for 


yer 


We will consider both of these questions separately. In 
the model (T,,(P")) where the choice of v, is apparent, 
the construction of 6 is equivalent to the initial problem: 

a semi-invariant functional on 3(P*) is produced by a modular 


form g, via (g,f) = SJ g(z)£(z)y*~> dxdy. However in the 
+. 


model of the Weil representation, we have already seen in 2.2 
that non-tautological answers appear, via the construction of 
8- distributions a. associated to self dual lattices. 

In the next chapters, we will make a detailed study of the 
Weil representation associated to a quadratic form and study 


in this model questions 1) and 2). 


We explicit now the isomorphism between the space M(T,k,y) 
and a space of functions on G and relate the infinitesimal 


action of J to the Cauchy-Riemann equations on pr, 


Let us consider the identification g->g-i of G/K 
with P*, 
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When &8 is a function on Pr, the function g ~ 8(g-1) = (18) (g) 

is a function on G. The group G acts on functions on pr 

by (g-m)(z) = o(g7t-z), preserving the space of holomorphic 
functions. We consider the left regular action of G on 

functions on G given by (Z5°0) (g) = 0(g5°6). We identify 
functions on pt with functions on G invariant by right 
translations by K, by (Im)(g) = o(g-i). We have Zo‘ Iy = I(g5-9)- 


2.3.7. Let us consider the Lie algebra Y of G. yy consists 
of the 2.x 2 matrices with zero trace. A basis of Y is 


1 
fe) 


(H,Y] = -2Y and [X,Y] =H. 


H= (5 _[)sX=(> ol) ¥=(] 6)» with relations [H,X] = 2x, 


The corresponding one-parameter subgroups of SL(23R) are 


t 
exp tH = a er exp tX = & ay exp ty = (+ 7). 
e 


The generator of the compact one-parameter subgroup 


cos 86 -sin @ 0 -1 
= = = Y - X. 
u(8) are Q cos a) as Jo ( 0) 


€ 
Let us consider the complexification WY of a » and 


a ee 
cae D 
Then cHe7? = iJ) =2. In particular cHe™ = Z, exe7+ = ae 
ere = J form a basis of 4 € with relations: 


[20° |} 2:25.07, 37 iS 220" and: a Pe 


We have: 
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=) 
we” 
we 
Cy 
I 
1 
io 
-, 
med 
t 
he 
~e” 
we 
j-. 
@ 
Cy 
M 
Cy 
| 


We define 


b = (Z + CJ 


b” = CZ +63" , lie. b= bd’. 


For X € We » we define the left invariant vector field 
r(x) on G by (r(X)p)(g) = gp ole (expe X)),_ g: The map 
X + r(X) is a homomorphism of y into the vector fields on G. 


ir xed’, x 


U+ iV with U and V in Y » we define 
r(X) by r(X) 


r(U) + ir(V). Similarly, we define the right 
_ a 
invariant vector field £(X) on G by (£(X)o)(g) = a (exp-€ Xe), - o° 


We extend £ to 4s by linearity. 


2.3.8. Lemma: A function 8 on P’ is holomorphic if and only 
if r(X)(Ip) = 0 for every Xeb. 


Proof: The condition (r(J,)-f) = 0, for a function f on G, is 
equivalent to the fact that f is right invariant under the group 
K, i.e. f is a function on GK = Pp’, Let us now analyze the 
condition r(J)-Ip = 0: 

Let m be a function (z,Z) on Pp’, We compute 
(r(J-)Im)(e) where e is the identity component of G. By 
definition : 


(r(J7)Te)(e) = 5 ge olexp E(Y G)-4) 
a 


ae plexp (5 _J)+4). 
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We have modulo ¢ e 


exp E(° Ly ig c(t fig ee HE ng 4 og 


Spe. eee 5 tea) ede 


Hence 


(go + 4 S)-o) (4) 


(r(J~) Ip) (e) 


| 


) 
ol) 


If g is holomorphic on P*, (r(J7)Im)(e) = 0. As r(J-) isa 
left invariant vector field, r(J ) commutes with the left 


action of G, hence: 


(r(J") I) (eq) = (a5"+2(J7) Ip) (e) 


r(J”)I(g5"+9)(e) = 0 


as Be is again a holomorphic function on Pr, 
Reciprocally, if (r(J )Ip)(g) = 0, we have that, for every 
b 
Bo é€ G, Bo = a) 


= (z > o((aztb)(cztd)"*)), 4 = 0 


dz 
= (cz+a)7> ( wo) ((ai+b) (ci+a)7+) = 0. 
Zz 


Hence (< o) = 0, i.e. is holomorphic on P*. 
Z 


2.3.9. Let us denote by (Uf (P") the space of real analytic 
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functions on P* and by G(P*) the space of holomorphic 
functions on P*. 

For a a real number, we define the representation Te 0 
of O™ in the space of functions on pr by: 


(Ty o( (gs)7*)F) (2) = e7oo(Z) F(g-z). 


It is immediate to verify that T, ol82) °T Ge) = T,, 8180) and 


that To leaves the space o(P*) of holomorphic functions on pt 


6) 

3 

stable. (If a =k is an integer, T, 9 18 indeed the representa- 
3 


tion of the group SL(2,R) given by: 


( (@*)F) (2) = (cz+a)7* F((aztb)(cz+a)72) 


for g = (@ ae). 


2.3.10. Let oO be the universal covering group of SL(2,R). 

We now consider the one parameter subgroup of Gr with generator 
Jo: We have exp QJ, = §(8), where &(@) = (u(@)s@9)5 with 

(4) = i8 (see 1.8.20), as (8) is a one parameter subgroup 


above exp @J, in SL(23R). 
For any real number oa, we define: 
2.3.11. M(O,c) = {f, analytic on GO; £(08(@)) = e %® £(¢)}. 


The group OQ acts by left translations on M(Gya). We 


denote this representation by Lee 


We consider the function a, (Es) = evo(t) on © where 
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(g,m) is an element of G~ . (if a@ =k, ai (e a) = (cita)*.) 


We have: a, (76(8)) = ents (a) 


as for o = (gsm), 06(@) = (gu(@),o'), with o'(i) = m(i) + 18. 


Hence if f € M(j,a), the function (Lf) (a) =a,(a)f(a) is 
invariant under right translations by 6(4@). Let us denote by 


1:0 > G the covering map. We can thus find a function on pt 


still denoted by If such that (If) (s) = (Lf) (w(s)-4). 


1/2 
+ _ (lL Xyly 0) 
let, for z in P’, b(z) = (7 1) ¢ 0 -1/2) be the 


unique element of Bo such that b(z)-i =z. We still denote 


N 
by b(z) = b(z) = (b(z), Log y /?) the corresponding element of 


O- wider chemisoncroiisin. bos 6B) > “68 By with its image in 


G (1.8.20). We have: 

(T.f)(z) = (1f)(b(z)-4) = (If) (b(z)) = a (b(z)) £(b(z)) 
i.e. 
Baa, (I.£)(z) = y°/? £((z)) 

1/2 

with 2=x+ dy, and b(z) = (¢ De pie) 
2.3.13. Lemma: I. intertwines the representations L and Ty, ,0° 
Proof: We have for o ¢€ Gr a = (g5)>5 

L(2(B 99) 72+) (8) = ag(4) gs) -a) = 84) e(g 6,0"), 


with o'(i) = oo(g-i) + (i) . 
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-a0,(g- i) 
A 0 


(Ty. (899%) Taf) (e) = (I,f) (eo) 


2 t0'8-4) oo! (4) £((B sq) -0)s q.e.d. 


For xe off, we now consider, r(X) to be a left 


invariant vector field on eae 
2.3.14. Lemma: The function a, satisfies 
r(J°)-a, = 0. 
Proof: Let us compute (r(J”)-a )(e). We write 
2g =iH+X+ Y= i + Jo + 2X. 


The one parameter subgroup of O~ corresponding to xX in G~ 
1 t 
is ((5 120). 
The one parameter subgroup of Q- corresponding to H is 
t 
w + a . 
(ae) 
O e 
The one parameter subgroup corresponding to Jo in oO 
is 6(t) = (u(t)so,)> with p, (1) = it. We have 


a ((5 f)20) =2 


t 
ae O.)ctjare 2° 
e 


Hence 
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a(r(J)-a,)(e) = (ir(H) + r(Jo) + ar(X)-a,)(e) =-<io + ia = 0. 


(Oy toes ye (be) Se? OE a, ( 


a a), 


b= 
0? Oa 


hence (r(J")a, ) (be) = e~rloga a, (a). Therefore we only have 


Now for beB 


to check that (r(J" ai (o) = 0 for « = 6(t). We recall that J 


satisfies [Jord ] = 2iJ . It follows that: 


)(e) F) 


(r(I7)a,)(6(t)) = -e?**(a(s7 Ja, )(a(t)) = oP Mem ***(r(a" Ja, 


(as we have the equality: 


(r(x)-@)(g) = ole exp€X) = ge ole exp €Xe7'e) 


a. olexp E(g-X)-g) = -(2(e-X)e) (8) - 
Thus (r(J )a,)(8(t)) = 0. 


‘ + 
eek s y: P if 
2.3.15 Corollar rf is a holomorphic function on 
and only r(J)f = 0. 


Proof: We have (Lf) (a) = a (a) f(a). If is invariant by 


right multiplication by kK, hence by Be3505 If is holomorphic 
on P’ if and only if r(J”)-(1,f) =0. As r(J) isa 

vector field annihilating the function a,, r(J”)+ (If) = 

a (o)(r(J°)-f), and we obtain our corollary. 


2.3.16. Let T be a discrete subgroup of O™ ana x bea 
character of T. We denote by M(T,ysasJ ) the space of 
analytic functions on CG satisfying 

a) f(n5(t)) = e72%* F(a) , 
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b) r(J°)-£ = 0 

c) flys) = y(y)f(a) for yeTlr. 

The condition c) can be restated as b(yt)-t = x(y)f for 
yé¢T. MTherefore,the correspondence f > if is a isomorphism 
between MATs x2 0 2d) and the space of holomorphic functions 


on Pt satisfying 


£ (2255) = y(y) “czta"™ f(z), 
for every Y = ((e 3) +9) eT, where "cz+a"™ = eto lz) | Hence 


we have identified our space M(T,k,y) (2.3.1) with the subspace 
M(T,x,K, J") of functionson Gr verifying the invariance conditions 
a), bd) under the right action of b ~, and c) under the left action 
of 1. 

Let (R,V) be @ representation of GY in a topological vector 
space V (V will be for example the space of Cc’ vectors of 
some unitary representation (R,H)). Then for veV, # € v" 


we denote by c, (a) = (#,R(c)-v) the associated coefficient. 
+f 


Vv 


We consider c, | as a functionson (C~ . We have: 
~3 


Cp y(B] BEp) = (@s R(gy)” R(s)R(aQ)-v) 
= (gi°* R(g)&-v) 


(a). 


=C 
B18 »Bo'°V 


If v satisfies 


-iat 
e 


(for teR), c verifies cy (a5 (t)) = cy (). 


F,V 
Let xe Yf uéV. We denote by aT(x)-u the limit 
(if it exists) of (z as x — ati when €>0O. For xe 4, 


we define dT(x)-u by linearity. We have 


Hence, if v_ satisfies 


2) aR(J )-v = 0 


c satisfies r(J")-c, aie 
>?» 


Vv 


BsV 


As in 2.3.3, we consider, for v satisfying 1), the vector 


Zz 
o = (g,~) such that g-i =z. We keep in mind the formula: 


Vv = a (a) (R(a)-v) which doesn't depend of the choice of 


2.3.17. If v= y o/e R(b(z))-v, for b(z) = C ae "ye) 
y 


W n@ 
. cz +d Vv . 
Z &°z 


mm 
——, 
oa 
~— 

< 

i] 


Let re be any element of vV*, we have I (c, ,) (2) = (r,v,). 
Thus the function (Fsv_) is holomorphic in z, if v_ satisfies the 
relation2), i.e. if v is a lowest weight vector of the representa- 
tion R, 

Let @€V" a functional satisfying R(y)-9 = x(v 
and v a lowest weight vector of the representation R of 


weight a. We finally see that (8,v,) = @(z) will be a 


holomorphic function of z satisfying 
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aztb, _ " nh of. a b 
a) = y(y) "cz + da" 6(z) for Cs qa) e T. 


We now indicate another important way to construct modular 


forms, i.e. the notion of Poincare series. 


2.3.18. Let [TC SL(2,Z) a subgroup of finite index, containing 
-1 0 
Co Ly): 

We define the notion of "cusps": Let us consider the 


+ ax + db 
action of SL(2,Z) on RU {#} cP given by x > ord: 


By definition, a cusp P of IT is an equivalence class of 

@ U {~} under this action of T. If TI = SL(2,Z), each element 
of @ can be transformed to (») by TI, hence there is just 

one cusp: the point of infinity. 


For each cusp P, we can fix a matrix A, € SL(2,Z) trans- 


P 
forming P to », i.e. A,,(P) =o. If P =o we naturally 
Z ee oz 
choose A, = Id. We denote by S, = A), (6 1) A, T. Clearly 
if Ye Sis then y-P = P, as the subgroup & oe leaves 
stable the point at . The subgroup [, = ApSpAn es ; - is 


nw 


of the form A = q(t P); ne ZZ). The integer u is called 
1 


8) 
the width of PP. 


Let YT be a discrete subgroup of finite index in SL(2,z ) 


and YT its reciproc image in G* . Let yx be a character of 


~_w 


Y and f a function in M(l,x,a). For Ay e GY above Ans 


the function T (Ap) -f is then semi-invariant under the action 


TF of ts on (PT), with character Ay: We say that f is 


holomorphic at the cusp P, if (t,(8,)-£)(z) admits a development 


of the form 


f is said to be a cusp form at P, if ap S205. es 0 SLE 


eimmz 
us Ww 
(tT (a.)f)(z) = = ane | 
a‘ P n>0 P 
eimz 


2.3.19. In fact, as each function ep(z) =e P is an 
invariant function under the action f(z) > f(z + Wp) of the 
generator C 7?) of To there is another important "natural" 
way to construct functions in M(t soe) We suppose for 
simplicity that «a is an integer (the modifications for 
arbitrary a being obvious) and consider TY a subgroup of 
SL(2,Z). The function e” 


P 
-e S nvarian undaer . us 
1) > is invariant under 1,(Sp)- let 


is invariant under T (Tp), thus 


the function Tt AAS 


) 


itt 


suppose y(S l. We then can form formally the series: 


P 


2.3.20. G = = yx(y) T (y)-T (AB) -ep - 


Oo 
vel /Sp 


It is clear that formally oe verifies: 


tT (y)op = x(y)7? 


n es 
oO "Gp ) L263 


aztb 
cz+d 


Go ) = x(y) (cz+a)® Gp(z) » for yer. 


n 


2.3.cl. Lemma: The series Gp 


Z (2.3.20) is convergent for 
3 
Gd > 2% 


Proof: After conjugation by Aps it is sufficient to prove that 


if T' is a subgroup of SL(2,Z ), the series 
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1 
i] i] 
vert /Tin( & 
is absolutely convergent. We have 
(T.(y) ep) (z) = Ja = cz|7* fep(y*-z)| . 


AS y zeP, JeR(y*z) | < 1. Thus we have to check that 


iL ay 
Oo ol 


me - {0,0}. Thus this series is majorized by the serie 


The map (* ) > (*) is an injection of T'/T'n( on 


2 lz = ~All 
(m,n)eZ*- (0,0) 


Now, for Zz é€ pr the elements m+ nz describe the lattice 


2 1 


in R - 


of basis (l,z). As is integrable at » for 


x 
a > 2, we obtain our lemma. Similar estimates shows that 


1 a 
> ——_ > O 
agar + nz 
nO 


when 2 = 1y, y >. Thus it is easy to see that Gp ; is a 
a 


n 


cusp form when n # 0. Gp, is called a Poincare series. 
a 


2.3.22. Let us now define the Petersson scalar product. The 


measure ye axdy on pr is invariant under the action of 


SL(2,R) on P*, i.e. we have: 
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{ t(z)y" axay = | (g-£)(z)y7® axay 
A g(A) 


for (g-f)(z) = t(g742), as follows by change of variables. 

-l 0O 
on 
and let } be a fundamental domain for the action of T on 


pr, 


let TY be a discrete subgroup of SL(2,R) containing 


Thus y FN fF is of measure O (except if y =-1, as 
then y acts by the identity on P’ ys If f is a function on 
P* invariant by T (y.f =f), the integral (if it exists) 
ij t(z)y7* dxdy is then independent of the choice of FF 

let us consider T a discrete subgroup of SL(2,R), 7 
its reciproc image in @ and the space M (Ts xed”) i if 
f, and f, are two functions in M(T,x,05J7), the function 
f(a)gelco) is a function on T\C/K ~ r \pt = + . Thus we 
can form (if it exists) the integral J.t(o)eto) y* dxdy, over 
a fundamental domain fF for [f. Let us consider the 
isomorphism I, of MT, x2057 ) with M(T,y,a) given by 


(If) (z) = yale f(b(z)). We have: 


J t(e)etay y"* axay = f (1,£)(2) Tpertay yo? axay . 


Thus, we define the Petersson scalar product of two functions 


in M(T,y,a) by 


<f,g> = f f(z)g{z) yr? axdy , 


where F is a fundamental domain for the action of TI on p. 
(We recall that this formula is independent of the choice of fF .) 


Let YT be a subgroup of finite index of SL(2,Z) containing 
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x ay 


on T is {z, |z| >1, |Imz2| <3). 


we 
* 
oa 


A fundamental domain f for the action of SL(2,Z ) 


It follows that <f,g> exists, if y%"° f(z)z(z) is integrable 
in y, when y~»>os thus, if f or g are cusp forms at ~ 

(or if a= 1), the Petersson scalar product <f,g> is well 
defined. Let us denote by 8, (Ts x90) the space of cusp forms 
in M (Ts X90) (i.e. f vanishes at the cusps). We have: 


2.3.23. Proposition. Let a> 2. Iet fe S(T, ya) and 
2imz 


(ty(Ap)-#)(z) = 2 at(f)e 'P 


Then: 


Proof: We have: 


-1 -2 
<tsGp > =a lf flz) (= xly)y(y) TL (ag*) -ep) (z)y*“axay 
3 
Fs yer. Sp 
The integral is absolutely convergent and we can reverse the 


order of summation. Now: 
f f(z) x(v)(t, (vy), (ap) ep) (2) y"Paxay 
J 


. ye ee 
: Japp ta) 1 £)(z) x(y)(t,(ap-)-ep) (2) y*"axay 
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as follows from the invariance property of yt"? dxdy, 


t(z) (t,(apt)-e8)(z) y®-? axay 


as follows from the relation TW(y)7 et =x(y)-f, for yer. 


Thus we have to compute: 


s 2 f f(z) (t,(az7)-e9)(z) y*? axay. 


vel /S_, ys ) 


Writing T = a, Ss we see that Ap = L/ FOr) 
Y,eT/S, vel'/Sp 


is a fundamental domain for the action of Sp on pr, 


As i 7 yin te if and only if y = + y', our integral is 
exactly: 


Now Ap( bp) is a fundamental domain for the action of 

1 nW, + 

T= hase) S-(¢ )s né€ Z) on P. As both functions 
P Px? 0 - 


T (Ap) -f and ep are invariant under To the integral doesn't 
depend of the choice of the fundamental domain. We then can choose 


as fundamental domain 4' for T> the set (z, O< [Re z| < Wp). 


Our integral becomes: 


2imnz 
~ nara 
(I (Ap)-f)(z)-e . yr? dxdy . 
oS"p 5s 
imz 
= n Wp 
Using the development (T (Ap) -£) (2) = £ ai(f)e 


mo P 
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we obtain finally: 


Amy 
~  W. 
n = 
<fsGp > = ap(f) Wp e P yt 2 ay 


P 


Q.E.D. 
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2.4. Modular forms of weight 1/2. 


We will construct 6@-series of weight 1/2 and 3/2 
for some congruence subgroups of SL(2,2Z ) by taking appropriate 
coefficients of the representation R of SL(2jR), illustrating 
the method sketched in 2.3. Our method will be the following: 

1) Analyze the possible lowest weight vectors in the 
Shale-Weil representation R of G = SL(2,R) 

2) For a given congruence subgroup T of SL(2,Z ), produce 
some semi-invariant linear functionals under T, using the model 
H = H(r,y) of the representation W. 

We consider V =RP@RQ our canonical symplectic space. 


2.4.1. Let us consider the following elements: 


Q 


-(9 dy wlx) = (5 2 ele) = 9), ae R- (01, 


of SL(2;R). 


a u 
We denote by B_ the subgroup: (C. _j)» a #0}. Each element 
a 


of B is written uniquely as g(a)u(x). 
2.4.2. Lemma: G=BU BaB. 


Proof: Let £ = RP be our Lagrangian plane of reference. Then 
B is the subgroup of G leaving 4 stable. We have 

of = £' =RQ. It is clear that B-£' consists of all the 

lines other than RP. let geG: if g-£=4%, g belongs 
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to B; otherwise there exists beB with g-# = beq-h, i.e. 


& € BeB. 


2.4.3. We recall the formulas 1.6.21 for the projective representa- 
tion R=R, of G on’the set of generators (q,¢(a),u(x)) of 
SL(2jR). We identify H(Z) with LR) by f(y) = f(exp y@), then: 


(R(g(a))£)(y) = lal?/? t(a.y) for gla) = (2 9), 
(R(u(t))f£}(y) =e") ely), tor ult) = (5 f), 


(R(S gle) (y) = f e@2™Y e(x)ax. 


We see that the space L(o) of even functions in 1° (R) as well 
as the space L(l) of odd functions is stable under R. 

Let us consider A (R), the Schwartz space of rapidly 
decreasing functions on R. If fe 4(R), f isa C 
vector for the representation aR: 


Let 


=) 


fe) 0 O 
-1 X = ( 0) 


i 1 : 
H = (5 re) 0)? Y= (1 
be the standard basis of &L(2,R). Then on A (R): 


dR (X) = imy” 


(where imy* denotes the multiplication operator) 
oy es ai 
aR (H) =y 5 + 


dR (y) = 4b (5) 
y 
(For a = (5 9): 
transform and «Xq = Y.) 


o acts by the Fourier 
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Let us consider the basis Tal ad of ys given in 
2.3.3. We are interested in finding the lowest weight vectors of 
the representation R, i.e. the solution of the equations 


aR (J )+f5 =. 0, 


2.4.4. Lemma: 


2 
“"Y ss satisfies 


I 
@ 


1) The function f(y) = 


nob 
a) 


a) dR (Jo) *fo = - 


b) dR (J")-£) = 0. 
2 
2) The function f, (y) ye "Y satisfies 


a) dR (J,)-f, = - 3 fy), 


b) aR (J-)-f, = 0. 


Proof: We have dk (Jj) = dR (¥) - dR (X). 
2 2 2 
Since =F (e""Y ) = (4ary* -~ ere , 


2 2 
(a ame 8 ane 


u 


(aR (¥) - aR (X)-f4)(y) 


HT] 


1 
-3 f(y). 
The other calculations are similar. 


Remark: According to the decomposition L°(R) = L(O) @ L(1) in 
even and odd functions, we have ‘R = Re @ R and both representa- 


vad 


tions Ro and Ry are unitary irreducible representations of 


SL(2,R) (thus isomorphic respectively to Ty /2273 70 acting on 
some Hilbert spaces of functions on Pr), The vector fo 
(resp. f,) is "the" lowest weight vector of Ry (resp. R,)- 


We hence have accomplished the first part of our program. 
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2.4.5. We consider the lattice r = ZP@ ZQ with the 


) = (1) nm, ert of the corresponding 


character y(exp(mP + nQ + tE) 
subgroup R = exp(r@ RE) of N = exp(RP @RQ ORE). To these 
data is associated the model H(r,y) forthe irreducible 
representation W of the Heisenberg group. 

We have constructed the operator aa H(£) > H(r,y). 
lay) is given by the formula (oX ge) (e) = ze exp nQ) for 


om € H(L). 
2.4.6. Let 
T = SL(2,Z), i.e. T= Gy ap a,b,c,d € Z, ad- be = 1 j 


be the subgroup of G leaving the lattice r stable. Let [(r,y) be 


the subgroup of [ leaving y stable. We have: 


r(rsy) = ((2 8) € T, ac = 0 Mod 2, bd = 0 Mod 2). 


Let us consider the model W = W(r,y) of the representation 
W acting on H(r,y). We also denote f(r,y) by Ty) 


-1 


2.4.7. Let us define for y € T(x), (A.(y)~)(n) = o(y~-n) as a 


unitary operator on H(r,y). As calculated in 2.2.30, we have 


aX pe Rgly) © (8% g)7> = aly)™* ally), with 


a(y) = b(y£,£) = b(£,v714) = v(RP,R(dP-cQ)) (as yt = (4 
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Thus a(y) = b(d,-c) = |e|7)/? 2 e (2210) 
neZ /cZZ 

2.4.8. Let us consider the universal covering group G~ of 

SL(2JR) and the true representation R(a) of G~ in H(Z). 

We denote by Ty) the reciprocal image of T(y) in G~. 

For any «a e T(y) the Weil representation R(a) acting on H(2) 

and the representation A (a) acting on H(r,y) are proportional. 


a) 
Thus there exists a character \ of T(y) such that: 


er ee Ra (yso) Fr = 1(y, 0) AL(y) 


for every «= (y,9) of Ty). 


We still denote by R_ the true representation of Om given by 
eX,» Rx . We will determine .(y,o). We recall that we 

r,4 £yr 
have defined a particular section y > y = (y,Log(cz+d)) of 
G = SL(2,R) in O, where Log(cz+d) is the principal determina- 
tion of log(cz+d). 


2.4.9. Theorem: For y = (* 9) e T(y), R(y) = 1(¥) Ay) with: 


1): x«00¥) = & ao (22), if d is odd (c even), 
2) x(y) = eee) ew if ec is odd, c> 0, 


3) x»(Y¥) = git (22) c. sign d, if c¢ is odd, c < 0, 
it 
~ oe m 
Proof: We recall (1.8.24): R(y) = ee} R(y), where, 


m=-Signe if ec #0 
@) if ec =0 a>r>o , 
m= <2 if c=0O a<0d0 


a b 
c a) 


= 
i] 


for Y= ( 
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ir 
™m 
ae b( 


ere -1 
Thus R(y¥) = d,-c) Ay). 


If ec is even, c # 0, then 


ia tins -= signec 


ROY )oeee (b(d,-c))7+ 


ACY) 


- a sign ec = sign cd 
e 


b(-c,d) A,(y) 


it 
- sign cd 
as b(d,-c)b(-c,d) =e ay (2.2.11) 


=e 


ir ir .. 
Sign cd - sign c _ 
e* eh v(c,a)> A, (y) 


ae (esa) Sipe a) = bea 
= n(2(§),4)"" A.(y), if d> 0 
Cc 
(2) bay A(y), Af «ds > O° = (2, 2.18) 


The other formulas are proven similarly. 


Remark: The group T(r,x) contains the congruence subgroup 


For this group the formula 2.4.9 is then written as 


Rly) =€57 (22) a.(y). 


2.4.10. Now we are ready to consider question 2). ‘Let us 
first consider the group T(r,y). It is clear that the distri- 


bution Bo) = o(e) on H(r,y) (where e is the identity element 


203 


of N) is an invariant functional under the representation A. 


of T(r,xy) in H(r,y). Hence 6, is semi-invariant with 


8) 
character } with respect to the representation R of TI(r,y) 
in H(r,y). We consider the isomorphism ax yg of H(Z) with 
3 
H(r,y). Then ax gf. is a lowest weight vector in H(r,x). 
3 


Thus, if we form the coefficient 
8(o) = (8g5 R(m)- 8% pf) = (5ys0% pRylo)-fo), 


we obtain a function in the space My(T(x) dag J) 
Using the isomorphism liye we may consider 6 as a holomorphic 


function 6(z) on the upper half-plane. We have 


1/2 


R(ol2))-f = RAG PO) -Lplhte te 


ma 2 
o-4eal.  (R(b(z))-£) (8) = y/tel™® e(yl/*e), 
hence 

“ 2 
2.4.12. R(b(z)-f)(") = yl ime 


We compute 


i] 


(Ty 798) (2) 


So we obtain: 
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and the. 


2 
2.4.13. Theorem: Let @(z) = = eitzn » then, for every 
neZZ 


Y = a Ns with a,b,c,d € Z ac # O Mod 2, bd & O Mod 2, 


a(S253) = x(y)(czta)/? 9(2) 


1/2 


where (cz+da) is the principal determination of (cz+a) 1/2 and 


4 is given by 2.4.9. In particular,if c is even, X(y) = A, 
2.4.14. We now define the congruence subgroup 


To(n) = ((8 ) e T, ¢ = 0 Mod N} 


and more generally, 
_ ¢7& dD 
TQ (Nj >No) = ((C a? eT, c = O mod N,» b = O Mod No}. 


vt 
2.4.15. Let g(/t) = ( ; Then 


0 
vey 


-1 
(Sede a) ela 2) 
Hence 


g(—) r.(n,,n,) g(—-)7? = r(nn,). 
5 Oeil the” /N; oO." l 2 


So the group TQ (Nj »N,) is conjugated to TQ (NjN,)- 


Let y=(% a) in T,(N). As ad=1Mod N, d Mod N 
is an ivertible element of the ring Z/NZ. If 4 is a character 
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mod N, the function s(y) = 4(d) is a character of To (WN). 
We say that 4 is even if wt(-1) =1, odd if y(-1) =-1. 


2.4.16. Let N be an integer. We consider 


T 2) 


9 (222N 


c T9(2s2) — T(r, x) 


Hence we may consider the representation A, of Ty (2,2N-) in 
H(r,x). We will now construct linear functional on H(r,y) 
invariant under this subgroup. Let k be an integer and consider 
k 
the functional (5,5) = o(exp7@) on H(r,x). We have f,.) = &,. 
; _ _ (a dD 
2.4.17. Lemma: ACY) 6, = 64, for every y = a a) € Te(2520- ) 


Proof: Let om ¢€ H(r,y), we have: 


(A.(y)+55@) = (5,5A,(¥)7*-@) = (A,(y)77-@) (exp ¥ @) 


= o(exp Q YQ) = »(exp a P + x Q) 
We write: 
bk dk dak bk bak 
exp(4> P + =r Q) = exp 4 Q exp 47 P re 
As om € H(ryx), Bee Z (b = O Mod One) and 


2 
a e Z (b# O Mod en“), the lemma follows. 
ON 


2.4.18. Corollary: Let w be a character mod N, we define 


5 ¥(k) 6. 


a 
Y ke (az /Nz)* 
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-1 a bd 


§. for y = os 4 


2 
' je T)(2,2N ie 


Then Ay (y) +5, = 4(d) 


Proof: We have A(y)-5 « ¥(5)55,- AS da is 


-_ 
ke(Z /NZ ) 
invertible mod 4N°, d is invertible mod N. Changing k to 


anh the corollary follows. 


As in2.4.1l0we now form the coefficients: 


0/7 (0) = (5,48% pRy(o) -£9) for 4 even 
93/2 (4) = (548% pRp(o)-f)) for 4 odd 
We have: 
wn 2 
(Ry(0(z))-fo)(#) = y'/ tet 

2 


(Ry(b(z))-£,)(#) = yo tget™” 


1/2 
We identify, via the isomorphisms Tipe and 13/2 oy and 


ole with holomorphic functions 03/7 (2), 02/*(2) on the upper 


half-plane, i.e. 


2 
Lvz 5 
(S12) = = a(nje  M 
2 
iz = 
y 
(83 7p) (2) = Ci 


y 


(it is clear that we could define 46 for any character ¥ 


mod N, but,if 4 is odd, ev =0. Similarly 0%, is 0 
3/2 


if ww is even). It is more standard to consider 


the modular forms 


2 
+ a ecinzn” _ gt 
yz) = 2 s(n)e @} jo(2N°z) , 


or more generally,for an integer t, the modular forms 


2 
oy p(z) = 2 o(nje*tzant . a} jo(2N tz) . 


neZ 
= 
a 
When (8 9) c TO(2,anet), — ( Bs T,(4N°t) and thus 
2N te d 


we obtain: 


2.4.19. Theorem: a) Let 4 be an even character mod N, 


then 


2 
4 (2) -°s ¢(n)eot™n vA 
neZ 


satisfies: 


ot (SEE) = o(a)(G) € 4G) (cz + a)/? a, 42) 


for any Gs > € Ty (4Net). 


b) Let & be an odd character mod N, then 


2 
e@ ,(z) = = ¥(n)neo tn é 
bt neZZ 


satisfies: 


ay SEER) = ¥(ay($) eg Gd (cz + a)? 8 Cz) 
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a bd 2 
for any te , € To (4n £). 


Remark: We recall here the theorem of Serre and Stark [28]. Let n 
be an integer and y aocharacter mod n. A modular form on 


To(n) satisfying: 


f(yez) = xv) €54(S) (cz + a)? £(z) 


: 2) in T)(n) is a linear combination of the 


for every y = ( 
8-series a + for appropriate choices of (¥,t) (¥ is a character 
3 


mod N, t an integer such that Nt divides n and 
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2.5. The Shale-Weil representation associated to a quadratic 


form. 
Let (V,B) be a symplectic space. The representation R 

of Sp(B) is "almost" irreducible. It is a sum of two irreducible 

representations corresponding to even and odd functions. We will 

similarly study the decomposition into irreducible components 

of the k-tensor products of the representation R. The principle 

is the following: Let (E,S) be an orthogonal vector space of 

dimension k, with a quadratic form S. Then the space (VQ@E, 

B@S) with the bilinear form B@®S is a symplectic space. 

The representation R of the group Sp(B x S) restrict to 

Sp(B) x O(S) in Re « When S is positive definite, R,, 

as a representation of Sp(B), is the k-tensor product of R 

and the compact group 0(k) plays an analogous role for the de- 

composition of ait that the symmetric group Cy for the 

representation of GL(n,@) in @ 0": let us consider an 

irreducible representation » of O(k) occurring in Ro» then 

the restriction of the representation Ro to the space of vectors 

of type \} under O(k) is jointly irreducible under Sp(B) x 0(k). 

Thus the unitary representation of Sp(B) occurring in Rg are 

in this way naturally parametrized by representations of the 

compact group O(k). ‘They are "lowest weight vectors" representa- 

tions of Sp(B) and their lowest weight vectors have potential 

interest for the construction of holomorphic modular forms ‘on the 

Siegel generalized upper half-plane. This representation 3 R 

is studied in detail in [15]. When S is of type (psq), the 
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representation Ro is the tensor product of p copies of R 
with q copies of the conjugate representation of R . The 
decomposition of this representation is not known in general, 
although the same feeling persists that the unitary representation 


of Sp(n,R) "occurring" in R, should be naturally parametrized 


S) 
by the unitary representations of O(p,q) occurring in Ra. 


When dim V = 2, i.e. Sp(B) = SL(2,R), this is indeed true: 


Il 


we have R 


Ss it 6. ® T, ds, where ds is a Borel measure on 
™N 
the dual space $L(2,R) x O(p,q) » 5s = 9, @7 with o, ¢ SL(2,R), 


A 
T, € O(p,q) and for almost every s (with respect to ds), 


a, and 1, determines each other [12]. The description of the 


discrete part of R. was given by Rallis and Schiffmann [22]. 


S 
This discrete part will be of interest for the construction 
of 6-series. 

Our main goal is to give explicit formulas for the lowest 
weight vectors of these representations Ro of Sp(B). We will 
do it referring to representation theory only as a background. 
We will start by the well-known case SL(2,R) x O(k) (i.e. 

dim V = 2, S positive definite), then we will describe 
explicitly the lowest weight vectors for SL(2,R) x O(p.,q). 


Finally we summarize some of the results for Sp(n,R) x 0(k). 
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2.9.1. Let E bea k-dimensional real vector space with a 
non-degenerate quadratic form S of signature (p,q) (with 
p+qe=k). There exists a basis Op2Pas sO nseny pe eng of 
E such that: 


i] 


S(e,,e,) 1 for i<p, 


S(e,,e,) -l for i>Dp. 


We will, for such a decomposition, write E = E @® E with 
E, = 5 Re., E = a Re,. 
F tsl 7 7 ispti ft 
We denote by 0(S) the orthogonal group of the form sS. We have 
0(S) ™ O(p,q). The subgroup of O(S) leaving stable the 
decomposition EF. @®E is naturally isomorphic to O(p) x 0O(q). 
let (V,B) be a symplectic vector space. We consider 
the space V QE, with the bilinear form B@®@S_ given by 
(B @S)(x @v,y @v') = B(x,y) S(v,v'). The form (B@S) is 
a non-degenerate alternate form on V @E. Thus the space 


V ®E with the bilinear form B@S is a symplectic space. 


It is clear that the direct product Sp(B) x 0(S) is naturally 

imbedded in Sp(B @S) by (85585) >€,@8, acting in V@E. 
We will study the restriction of the Shale-Weil representa- 

tion of Sp(B@S) to Sp(B) x O(S). Let & be a Lagrangian 
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subspace of (V,B), then £@E is a Lagrangian subspace of 
(VQ@E,B® S). We recall that we have constructed the universal 
covering group G, of the group Sp(B) = G using the choice of & as 
a Lagrangian space. As a set, G, is equal to Gx Z, the 


multiplicative law being given by: (81591) + (B5sNo) = 


(21 85» asl + No + 1(4,6,4,8,84)). 


2.5.2. Lemma: The map (g,n) > (g @1,(p-q)n) is a homomorphism 
tor ted 
from Gy, to Sp(B @ S) per: 


Proof: We have to verify that 
t(f ®E, BF QE, B84 @ E) = (p~a)1(4,8,2,8)854); 
which is immediate. 


As the group O(S) leaves stable the Lagrangian space 4QE, 
O(S) is naturally imbedded in Sp(B@ S)y by Bo > (1 @ 520). 
We will study the restriction of the representation R of the 


ano io) to) 
group Sp(B @S) to Sp(B) x O(S). We note by R, this 


restriction. We denote by R, the restriction of the projective 


S 
representation Ry, to Sp(B) x O(s). 


2.5.3. Lemma: If k is even, the projective representation 
R, is equivalent to a true representation of the symplectic 


group Sp(B). 


Proof: The cocycle associated to the choice of 2@E as Lagrangian 


subspace of V@B is given by: 
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it 
- 4¢(p-a)1(4,¢,2,2,28,28) 
©(8)58>) aS a - ae . 
As p-q is even, this is a coboundary: let 
s(g) = sl” eB" iret), we have 
p- p- p- 
(a) (BSS) (254) 
c(g).85) = s(g,) s(g,) s(g,8,) 


Hence the function 


- (B34) 
R(g) = s(g) = R, (g) 


defines a true representation of G, equivalent to the projective 


representation Ro. 


2.5.4. Let us consider an orthogonal decomposition E = E, ® Ey 

of the space E. We denote by S128, the restriction of S 

to Ej»E,- The corresponding decomposition V Q@E=V® Ej 8V® Es 
is stable under Sp(B) x o(s, ) x o(s,). Let us consider the 
representation R 
mer 
H(L ® E,), subspace of functions on the Heisenberg group 


of Sp(B) x o(s,). Rg is realized in 
ne 


associated to (V@E,, B@S,). Similarly R, is realized 
2 
in H(2@ E,)- It is clear that the map 


(p, ® >) (exp Va ® =i exp V5 @ 5 exp tE) 


-2int 
= (exp v) ®e,) o (exp vy, @e,) € 
establishes an isomorphism of H(2£ @ E,) @ H(L ® E,) with 
H(L @ (E, @ E,))- Therefore the restriction of the representa- 


tion R, to Sp(B) x o(s,) X 0(s,) is given by 


S 
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Ww a Y~ 
Ro (8504505) bs: Rs (e004) @ Rg (6200) 


wv 


i.e. R, as a representation of Sp(B) is the (inner) tensor 


Sad ~“ 
product R. @R.. AS a representation of 0(S,) x O(S,), 
Sy Sy ug 2 
it is the outer tensor product. 


let us remark that the representation R_ is canonically 


S) 
equivalent to Ra. In particular if S is of signature (p,q) 
our representation Ro as a representation of Sp(n;R) = G is 
Po. qs 
isomorphic to @R@OR. 


2.5.5. Let S be of signature (1,1). The representation ‘Ry 
of the group Sp(B) is equivalent to Ry @ Rp. Let us consider 
the natural representation U of Sp(B) inside L*(v) given 
by (U(g)f)(x) = t(g7+x). The representation U is a unitary 


representation of G (if geéSp(B), det g = 1) in L(V). 


2.5.6. Proposition: Let S be of signature (1,1). The 


representation R is equivalent to the representation U. 


S 


Proof: We consider the vector space E = ke, ® Re, with the 
symmetric form S(x,e) + Xyos¥1@, + Yo@) = XY + Xo¥,- The 
subspace Re, is an isotropic subspace for S. let V=2@ £! 
be a decomposition of V in a sum of complementary Lagrangian 
subspaces. Then Le =£@QE and V @Re, = at are both 
Lagrangian subspaces of (V @®E, B@S). The representations 


Ry in H(2 and Ry in H(2,) of the group Sp(B @S) 
E 3 


z) 
are unitary equivalent via the operator Fy g.° We identify 
4? 


H(2,) with L°(v) via o(v) = g(expv @e,). As G = Sp(B) 
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leaves stable the decomposition V @® ey ev @ eo of V@E it 
is clear that Ry {s) is given by (U(g)f)(v)-= t(g7+v). This 
establishes the proposition. 

We will, for later applications, give the formula for the 
intertwining operator J, jdgn between Ry and U. We identity 
H(2,,) with Leg" @®E) and write oly ® e,+y' ® en) for 


(exp (y ® =): + y! @ en)» yoy! E h'., As 


we have 
F, ») (v) = o(exp v @e, exp t @e.) dt. 
List, er e 1 


Let us write v =x + y, where xe, y € £'. Then: 


AS ihe Uy y o)(x + y) = f ol(exp y @ @, exp X @e, exp t @ e,) dt 
a oe 


~2im7B(x,t) 


= | noe Ge, +y @e,))e dt. 


te 
~ 


i.e. hg is a partial Fourier transform with respect to the 
variable t. 

Let (£,S) be an orthogonal vector space, with S of 
signature (p,q). 

We will restrict now our attention to the case where V 
is our 2-dimensional canonical symplectic vector space RP © Ra. 
We choose £=RP@E as a Lagrangian subspace and 4' =RQ @E 
as a complementary Lagrangian space. Hence the space of Rg is 
identified with 1° (Bz) by o(v) = o(exp 2 @v). We consider Rg as 
representation of Or x 0(S), where Q~ is the universal covering 
group of SL(2,R). We write also & = SL(2,R). 
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2.5.8. The formula for the representation Rg (the canonical 


projective representation) becomes on the set of generators 


of SL(2,R) 
k/2 a O 
(Ro(g(a))f)(v) = lal’ f(a.v), for g(a) = (4 ,-1). 
(Rg(u(t))£)(v) = et SleVe(y), gor u(t) = (2 4) 


Oo l ay e2itS(vsw) 9(,.) om 


(Rg(, lf) (v) 


We have 


i 
“ = (p-q)n 
Ro(gsn) =e Rg (g) 
for (g,n) ¢ Gy = G from Lemma 2.5.2. 

As O(S) leaves stable £ and £' the representation & 


S 
of O(S) is simply given by: 


(Ry (u)£) (v) = t(u7+v), for ue O(S). 


2.5.9. Let us first restrict our attention to the case where 
S is a positive definite form defined on a space E of 
dimension p. We are interested to study the decomposition of 


Ne 


R, under OU x O(p). 


iS) 
Let \X be an irreducible representation of the group O(p). 

As O(p) and OQ commutes, the isotypic component L(,) of 

type X of L(g) is stable by 0 . If 14u, L(x) and 

L(u) are orthogonal subspaces of L°(z). 

Let us consider the action of O(p) on the space of 


polynomials (P on E given by (u.-P)(v) = P(u7tv). 
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Similarly we denote by P(x) the isotypic component of type 


» in &P 
2.5.10. Lemma: The space L(x) #0 if and only if # (x) # O. 


Proof: The space of functions of the form P(x)e7 MS (XX) with 


Pe P is dense in i (hn). (As S is positive definite, these 


functions are in 1° (k).) let P= P, the decomposition of P 


in isotypic components of type \. Then,as S(x,x) is invariant 


under 0(S), 
P(x) e775 (Xx) 5 (P (x) e775 (xx) ) with P (x) e775 (x5 x) ah: 
nN 


For f ¢ L(h), 


-7S (x, x) (x)e7 T(x) 5, 


<f,P(x)e > = <f,P 


nN 


Hence Px) = 0 implies L(,) = 0. 


We now analyze the possible i's such that (y (.) 1s 
not zero. Let us consider the identification of E with E” 
given by S. This extends to an identification of the space of 
polynomials on E with the space of constant coefficients 


differential operators on E. If (x,, Xoo 71's x) is an 
orthonormal system of coordinates, the differential operator 

' do 90 .,, 9 
corresponding to P(X) 5XpQ2°' Xp) is PCS? Oxy” x 
The space of polynomials on E is provided with the hermitian 


inner product <P,Q@ = (P() -4)(0). This inner product is 
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invariant under the. group 0(S). 


We denote by ho the Laplacian operator corresponding to 


S, i.e. 
2 2 
) ) 
eS ae er 
x1 ox, 


for an orthonormal system of coordinates. The operator bg 
commutes with the action of 0O(S). 

We denote by jt the space of harmonic polynomials on E, 
i.e. AG = {Pe p 3 AgP = 0}. fé is invariant under 0(s). 
Let us remark that #6 is the orthogonal complement of the 
space (P S = (P(x)S(x,x), with Pe« P } for the inner product 
<P,Q>: infact, if Qe Zé, clearly 


(P(s2)a5-3)(0) = 0 


a gyn = 
as Ao'Q@ 3 0 on E. Conversely if (Ss) (4,8) ) (0) = 0 
for every i,n, all the derivatives of AQ are equal to zero 


at the origin, hence b.Q a 0. 


2.5.11. Lemma: 
a) Every element Pe P can be written on the form 


a 


P=ZS°P, where Pj « HE (i.e. P(x) == s(x,x)*P,(x)). 


b) # (4) 40, if and only if # (r) 4 0. 


Proof: 
We can write P= Po + SP) as 5S iP and * are 
orthogonal with respect to the positive definite hermitian 


form <P,Q>. By induction of deg-P a) follows. Now if 
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2 
fy where Pah 


component of type of P,. Hence if (PO) £0, AC) 4 0. 


Pe Pr), we have P=ZS is the isotypic 


2.5.12. Let us consider the space He (n) of homogeneous 
harmonic polynomials of degree n. It is well known that the 
representation d, of O(S) into #£(n) is an irreducible 
representation of 0O(S). We have finally proven that L(x) # {0} 
if and only if \ is of the form qn: 

We denote by F(a.) the subspace of functions in 
1? (g) of type d, with respect to the action of O(S). The 
space L°(4,) is stable by Ox o(s). 

If dim E=1, we have #t = {P; (2)?p = 0}. Hence 
P(e) = 1 or P(e) = #, corresponding to the two different 
irreducible representations of O0(1) = {+1}. Hence r® = 1(0) @ L(1) 
where L(0O) = (f3; f(x) = f(-x)} consists of the even functions 
L(1) = (f3 f(x) = -f(-x)} consists of the odd functions. 


If dim E> 1, then for every n> 0, AC (n) #0. For 


example, if S = x6 + x5 tosses + xe in orthonormal coordinates, 
(x, + ix) is such an element of Zt (n). Hence we have 
2_@ 7 

L* = 150 L (d.)- 


Let A (E) be the space of rapidly decreasing functions 
on E. Then,if f belongs to A(E), f is a C™” vector for 
the representation BR: Let (H,X,Y) be the canonical basis of 


4£(2). We have: 


2.5.13. a) dR, (x) = imS, where iS denotes the multiplication 
operator f(v) > imS(v,v)f(v). 
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b) aR. (H) = 4 x 0 + p/2 = 1 : (x u + g x, ) 
S rane Ox; 2 ia. 3 ox, Oxy i 
c) dR, (¥) = = Ags where Ag = 2 (Se) 


The formulas a) and b) follows by differentiation of 2.5.8. 
As «a(X) = aXe =-Y, and o acts by the Fourier transform 
it follows that dR, (¥) is given by the Fourier transform with 
respect to S of the operator imS, leading to c). We will 
still denote by H_ the operator 

p 


fe) 
a Xx + p/e. 
i=) 1 OX 


Let us now consider the basis J.,J,J of 434£(2,€). 


0? 


2.5.14. Lemma: 


Proof: As 
2 2 2 2 
< (f(x)e"™ ) = (SS + (2)Px? - 4ar(x SE 4 By )e-™ | 

we obtain: 


dRg(¥) (£(2)e7 75 (828) = (= botf + inst - inet )e 75 ( 828) | 


a] 


Writing J, =Y-X, 2d =Y+X + iH, we obtain the lemma. 


) 


2.5.15. Proposition: Let Pe #(n), then the function 
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fe) = P(e jen ™( 828) satisfies: 
a) dR, (Jy)-fp = -1G + n)e, 
b) dR (J") +f, = 0. 


Proof: This follows immediately from 2.5.14. 


Thus the functions f ple) are lowest weight vectors for 


the representation Ry. Our first aim is then reached for the 


case of a definite quadratic form. 


2.5.16.Let us explicit the relation between the representation Ry 
and the representations (T,, G(P")) which are the "typical" 
representations of SL(2,JR) having lowest weight vectors. 

We consider the subrepresentation (Ro, L° (a) of 
Gx O(p) in the space of functions of type d, with respect 


to the action of O(p). The vector f, is a lowest weight 


P 
vector of weight a =p/2+n in (de). As in 2.3.3, we 


thus consider f 


~t/O,“ 
Piz y ; (R,(b(z))-f5), d.e. explicitly 


ee ae fp (8) = P(e )ettZ5(8) | 


+ 


(We write S(e) for S(#,#).) This function z2>f of P 


PZ 
in L*(a,) satisfies the fundamental relation: 


. . n~G, 
2.5.18. Ro(g)-fp . = "(eztay"™ fp og 


This relation follows from 2.5.15 a) and the discussion in 2.3.3. 


It could also be checked directly on the set of generators 


(- 3) oe a) of SL{2,R): as P is harmonic, the Fourier 
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yeimzs(®) ~inz™"s(e). 


transform of P(8 is proportional to z “P(e)e 


Let us consider the operator Ft L*(d,) > FP’, HG (n)) 
from functions on E of type oO to antiholomorphic functions 


+ 


on P’ with values in #6(n), given by: 


<(Fn 9)(2)@> = J eA ole) alr) ae 


Writing fF? as Oe aay the relation 2.5.18 shows that 


F,, Bg (g) = Tp/2)en'8) Fr: for ge QU. Hence Fs intertwines 

the representation Ry of OU-x O(p) on the space I°(a,) with 

the representation Teysien @d_ of Om O(p) on @(P*) @® Mn). 
The image of the lowest weight vector f, in (Ry L°(a,)) 

is proportional to the lowest weight vector (vy, ® P)(w) = (w-i)"* @P 

of the representation (T. Od» G(P') @#6(n)). It is in fact 

easy to check directly that: (Ftp, 2) (w) is proportional to 


(w-z)7~* @ P: The relation to be proven is: 
j etM@-WS(E) pig)a(g)ae = cea)" (P,@), 


whenever Q is harmonic of degree n. By homogeneity, it is 


enough to check this relation for (z-w) = i, i.e. that 
Je) P(n)a(g)ag = of Pa) 


where c is a non-zero constant. Both members of this equality 
are inner product on €(n) invariant by O(p). As d, is 
irreducible, they are proportional. We summarize the preceding 


discussion in the: 
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2.5.19. Proposition: The operator Fi: L°(d,) >8(P*) @ds€(n) 


given by 
<F0)(2)s@ = RO 


intertwines the representation (Rg L°(d ,)) of & x O(p) in 


p/2)+n © on of Ox O(p) 


in 6(P’) @ #(n). Furthermore oon is an injective operator 


L*(a,) with the representation T 


such that 
Ff, . = c(Wz)"" @P, with a=p/2in 
n'P,z 
where c is a non-zero constant. 


Proof: The only point of the proposition which doesn't follow 
from the preceding discussion is the injectivity of hae However 
if (F ,) (z) = 0, by considering (S)4E,0) (2) we see that o 
is orthogonal to all the functions of the form oe M(8) s*(e)Q(r) 
with Q harmonic in a(n). As this space of functions is dense 


in L°(a,), p= 0. 


2.5.20. Remark: The representations (T ,6(P*)) of SL(2,R) 
are unitarizable for k> 0: Let 


H, = (f¢ o(Pt)  f |e? yO? axay < o) , 


then Hy, #~# {0} for k>1 and it is easily checked that T, 
acts unitarily and irreducibly on H,. These representations, 
for k> 1, are the representations of the antiholomorphic 


wa 
(relative) discrete series of SL(2,R). If k > 0, we can define 
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H to be 


H. = {fe B(P) ; fler(z)|° y® axay < @ 


f>0O at »~} 


and it is not difficult to see that (T,.H,) is an irreducible 


unitary representation of SL(2,R), for k > 0. 


tA 
We can then write the decomposition of Ro in unitary 


irreducible representations of 3L(2,R) x O(p), as: 


ln 


Rg = ° (T(5/2)4n @ 4) 
(when p=1, n is restricted to be O or 1). 


We now consider the case of a form S of signature (p,q) 
on the vector space E of dimension k=p+q. We will 
suppose that both p and q are non-zero. We will first give a 


somewhat sketchy procedure to obtain lowest weight vectors for 
oa 


the representation Ro » then a group theoretical approach. 


Let us choose a decomposition of our space E as an 
orthogonal sum E = Ey 6 Ens where the restriction Sy of S 


to E is positive definite, the restriction -S of S_ to 


1 2 


E is negative definite. We write A A A 

2 S Sy S» 
A. (resp. A. ) is the Laplacian associated to S, (resp. S,) 
Sy So 1 2 


= where 
acting on E, (resp. Ep). 

Let us consider the infinitesimal action of Ro on the 
space A (k). We have: 


~ 
—— 

I 
= 
3 
- 
ta 


a) = 


Qu 
a § 
oa) 
- 
2 
I 
ea 
jh 
+ 
ja) 
No 

I 
rao 
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od any _i 


-7S(8,F) on FE 


2.5.21. Proposition: If a function P(r)e 
is a lowest weight vector of weight i, it satisfies the 


relations: 
1) P(e)en™(82®) 4g in 12(z) 


2) do*P = 0 in the weak sense 


3) HP = YP 
(1.e. P is harmonic with respect to A, and homogeneous of 


degree \ ~ k/2). 


Proof: If f = P(r) e7™(") is a lowest weight vector of weight \ 


for the representation Ros we have, for every » €A (E), 
~ i ve - 
<R,(6(8))-t.0 9 =e 1B ces g> = <£,Rg(6(8))” @>. 


Differentiating the last two equalities and using Lemma 2.5.14, 


we obtain = bo*P - iH-P =-i\8 in the weak sense. Similarly, 


na 


if f is a C-vector for Ros» we have 
<dR,(X)-f,9> 5 = <f,dR,(-X)-@ 5 - 
L L 
Using Lemma 2.5.14, we obtain the relation do*P =O; 


It is a delicate question to decide when a function 
satisfying the equation 1), 2), 3) is actually a c’-vector 


for the representation Rex We will first ignore 


this point, and construct vectors satisfying 1), 2), 3). As 


-7S (x) 


S is not positive definite, the function e is clearly 
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far from being in L(g). We will see however that there exists 
continuous functions P(#), solutions in the weak sense of 

the equations dg*P = 0, H-P = )\P and supported on the cone 
S(e,@) > O such that P(e" 7 (Ps8) is in 1°(g). P(e) will 
be on the form s(e)*u(e), with k> 0, where u(#) is supported 
on the cone S(#) > 0, so s(r)* will cancel the singularities 
of the characteristic function of the set {#;S(e@) > O}. We 

now proceed to our construction: 


We write a for Ags 


2.5.22. Lemma: For f differentiable, we have: 


am 1 


astf = S“ar + Yas “(H+ a - 1)f, on the set S(x) # 0. 


Proof: It is easy to compute that, for 


= (x° Be ee aot é Ce teks 2 
S = (x + x5 + ae os + Van 
312 atte _ n etel 20-2 a-1 3 a 3 
(Sq) S°f = 20S” “f + Ha(a-1)xjS “rf + 4ash” x, i, f+s ao" 
i 
0 \2 a. _ a-1 2qa-2 a-1 e) a a 
(=) Sf S:22eS” “f+ 4a(a-1)y%S f - 4as Vy ay," + § a f 


and the lemma follows. 


2.5.23. Lemma: Let P, be a harmonic polynomial of degree n 


on £E P a harmonic polynomial of degree m on E,- Then, if: 


v “2 
1) Pa ty-l+2n+ Bentm=0 


HT] 
oO 


2) a(% +a-1+n) 


" 
oe) 


3) B (4 +68 -1+m) 


the function o = P,P,s%s8s’ satisfies sp = 0 on the set 


de Le 
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S(x) 4 0, $4 (x) #0 Sp (x) #0. 


Proof: By Lemma 2.5.22, we have 


Y GB, _ oY 8 y-1 a8 
do (Ss P,P,S3S,) = § ((4-5)P)S7P5S5) + 4ys ((H+y-1)-P|P,S9S5) 


But the condition 1) implies that (H + (y-1))-(P,P,S*85) a0; 


as follows from the homogeneity degree. Similarly 2) and 3) 


implies 
a - 8 re 
A (S}P,) = 0, d5(S5P5) = 0. 


2.5.24. Theorem: Let P, be a harmonic polynomial of degree n 


Z 


on Ey and Po a harmonic polynomial of degree m on E,- Let 


Yes Ps ek 
on S(x,x) > 0 
=0 on S(x,x) < 0 
then 
1) bP, = 0 on the set $5 (x) #0, S(x) #0 
B45 =(n-m +s eG) )¥ pp 


2) If amet + (n-m)>1, 


-7S (x,x) 


the function ¥y (x)e belongs to 1*(B). 
PisP, 


3) If n-m>dq, the function Yp p (x) e775 (5x) 
12 
belongs to t}(R). 
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4) If p+q>2, and n-~m>q then ¥ p 


Piso 


(BE) al L°(z) and is continuous. 


Proof: 
1) follows from 2.5.23. (It corresponds to the case 
8 = 0.) 
2) Let us write x =u+tv with ue E,» V € Ej. We have 
to compute: 


I (u)>s yy Sula) PEE) : Sy) eenene 
1 2 


se! ieee ee dudv. 


Let us consider polar coordinates on EY and Eos i.e. we 
1/e 1/2 
write u = S,(u) / Op V = S,(u) / Go, where 9),4, are points 


on the unit sphere in E,£ If t, = S,(u), ty = So(v), then 


o° 
p2/e ~2/2 
du=t)” dt, do,, dv = c dt, dogs for da,,do, the surface 
measureson the unit sphere. Then,using the homogeneity property 


of Pia Pos we have to see when: 


~ (p-2+2n) p-qt2(n-m)=2 “27 (ty-t5) nm p-2/2,4-2V2 

ae (t,-t,) e titty t5 dt ,dt.< @ 

to 

t,>0 
Changing t, in (t + to), we obtain that the preceding integral 

is equal to 

-(p-2/2 +n) m+ (q-2/2 

J (t+ t,) . en 2Ttp-qt2(n-m)-2 dtdt, « 

tn>0 

2 
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But 
emt (q-2/2 


J P) 
dt 
t,70 (t+t, Yp-2/2 +n 2 


is convergent, provided that n-m+(p-qd/2>1. In this 


m=-n+ (q-p/2 +1 


case, changing t in tt/, this equals t Thus 


2 
the full integral is 


n-m+ (p-q/2 -1 


i en7 oT 5 


dt, 


which is convergent. 
The assertion 3) is proven in the same way. Using 


polar coordinates, we have to see when 


{ tz (8/2 #0) (4, -t,{P-W? +n-m=1 en/24/ 24° TEP 2/ 249-2 “at dt, < @ 


This integral is equal to: 


p-a/2 +(n-m-1)_-1t hale 
- +(n-m- - 2 
cee" eT ( dt.) dt. 
Lo Je 50 Tere, 
As before, this is convergent, if and only if n-mo>dq, 
and is equal in this case to: 

f {n-m/2 +p/2-1 .-Tt ay 

t>0O 
4) Let us remark that if n- m> q, the condition 3) 

implies (p-q/2 + (n-m) > ‘ptd/2. On the set S, (x) > So(x), the 
only singularity of S,(x) is for S, (x) = Sp (x) = 0, i.e. at 
x = 0. The factor dp-ave tn-m-1 45 then positive and cancels 
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the singularity on S(x) = 0 of the characteristic function 
x £0 
of the set S(x) > 0. ine! onsweneeey degree being positive 


the function is continuous at 0. 


We now give a group theoretical approach to the 


construction of the Rallis~Schiffmann functions 


yen 7S (x) 


f based on the script of R. Howe [12]. 


(x) = 4% (x 
PsP, P,»P, 


We write, according to the orthogonal decomposition 
2 2 2 
E=E, @E,, L (E) = L°(E,) @ L’(E,). 
Then ie as a representation of SL(2,R) x O(p) x O(q), is 
isomorphic to ©® Tp /2)+n @ T(q/2)+m 4 d ) d_: Let 


n,m 
d = (p/2) +n - ((q/2) + m). We will see here that, when 


d > 1, the representation Yp/2)+n x Tq /2)+m contains T,. 


let v., be the lowest weight vector of T,, PL eM (n), Ps edt (m). 


af 


The Rallis-Schiffmann function f corresponds to the 


Pia Po 


(unique) vector Vv, @P, @P, of Ty @d,04d,cR Hence we 


s° 
need only to describe explicitly the formula for v1 8 P, ® P, 


in the given model Ra 


2.5.25. Remark: The decomposition of a @T, has been 
studied by Gutkin [{ 9] and Repka [25]. In particular 
bie ® T, (2 > 8) contains discretely the sum 


® T ‘ 
j integer A-B~2 J 


a-B-2j>1 


It is then not difficult to prove (see ([11])) the following: 


wa 
2.5.26. Theorem: The discrete spectrum of the representation R, 
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is given as follows: 
A) Tet p>1,q>1, then 


(Ro)g = © T,@V, 6 AH (T, ® Vp) 


a>l 


where a,8 runs over the integers, if a is an integer 
or a,8 runs over the 5 integers, if eS is a half integer. 
The representation Ne (resp. Vg) is a irreducible representa- 


tion of O(p,q). Its restriction to O(p) x O(q) is 


(resp. V3 =@d, @d, with m-n+ZP = 8 + 23, j > 0). 


B) let p>1, q=1. Then (Rg) = a ee a 


-1 
(with vee © d,@d3n-m+Pi aa + 25, § > 0). 
m=0, 1 
w 


C) If p=q=l1, then (Ro) 4 = 0. 


In particular, it is possible to describe all the K-finite 
vectors of the representation Ta @V, by differentiating 
our particular vector ae with respect to the 
infinitesimal action of SL(2,R) x O(p,q). 

We proceed now to the explicit description of the vector 


Vv, @P, @P, in L(g). 
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Let us consider the action of 0(s,) x 0(S,) = O(p) x 0(q) 
on (Ey: Let I (a, Q d_) be the isotypic component of L? (gz) 
of type d. @d,. The operator F @ J, intertwines the 
representation Ry of SL(2,R) x O(p) x O(q) restricted to 
be (de ® qd) with the representation (% jen @ % /3 ae) @4d, @4d,. 
The representation hye)en @ To/2}em operates on the space of 
functions F(Z5 525) antiholomorphic in 2,» holomorphic in z,, 
by: 


(Tp a)in ® Ta/2)ea) (g°*))-F)(Z,,25) 


= (oF +a) (P/E) o2 4a) a/b) F(g-Z1 58-25) : 


Now, a function F(z552 antiholomorphic in 2, and 


>) 
holomorphic in Zo is entirely determined by its restriction 
to the diagonal (z,z). Thus, if we consider the representation 


™m =p " 7 
%p /2)en ,(q/2)m of SL(2,R) acting on "all" functions on P by: 


—_ -l 
(%/2)en 4/2) (g )-f)(u) 


= (cura) CP/29)( cura) A a/2)+™) o (gu) (ue P*) 


the operator > Ce @F,) +0) (Zz) intertwines the representa- 
— 2 
. Ww till 
tion Ro | L (a, Q a) eae Tp /2)+nfa/2)+m @d,@4, es 
denote this operator as J oF. Let a = ((p/2)+n) - ((q/2)+m). 
The operator (Mf)(u) = (Im u)7ha/2)+m) f(u) intertwines the 


representation Ty 9 acting on "all" functions on P* with the 
3’ 
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representation Tp /2)+n, (q/2)+m" The representation Ty 
(acting on £{P*)) is naturally contained in Ty oe thus in 
FJ 


T(p/2)+n, (q/2)+m’ It follows from 2.3.5 that the function on 


pt given by: 


1 (u) = (Im u)7 (4/2) +m) ) yd 


verifies: 


yo gt 


( )-qt = (eT+d ae 


cea T(p/2)+n, (q/2)+m'S 


Our aim is to give an explicit formula of the function 


2 - a 
+. in i(d,@4,) such that (J of )-#, = tl. 


According to the decomposition E = Ey @ Ens we write an 


element of E as u+t+v with ueé Ey and veé E,- 


Let P, (u) be a harmonic polynomial of degree n with 
respect to S, and P,(v) a harmonic polynomial of degree m 
with respect to S,. Let d= ((p/2)+n) -~ ((q/2)+m)). We 
consider the Rallis-Schiffmann function of fT € P: 


- (252 +n) 
Pi(u)(s;(u) 2 


pp (v)s(uev)tte247rs (uty) 


u 


+ (usv) 


if S(utv) = S,(u) s Sp(v) > 0 


HH 


O if S,(u) - S,(v) < 0. 


We now prove the: 


2.5.28. Theorem: i aa ee 4, belongs to 1° (a, @ d_) 
and (F, @F)-4, = 41 @ P) @ P. 
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Proof: The equality to be verified is: 


J 


Pme in) 


-inzs,(u) oie) (55 


s,(u)>8p(v)- P,(u)P(v) (S,(u)) 


inr(S,(u)-S,(v)) 
e 


($4 (u)-8,(v))9°7 Q,(u)a,(v) dudv 


= y~((a/2)+n) (= __ yd 
= y (z-7) <P} 28) <P5 9 Qo? . 


We write z =z - 2iy, t, = S,(u), ty = Sy(v). Using polar 


coordinates separately on Ey and Ey and the relations 


J. P,(a) Q,la) do = <P,,Q,> 
4 


(S, unit sphere of E, (1 = 1,2)), the integral to be calculated 
is: 


t,dt, . 


inr(z-+1 - 7 =@ 
m(z-1) (t,t) F anys (e,-t, (UF iat, 


poten 
tt, 
t,70 
This separates in an integral on (t,-t,) > O and on t, > 0. 


By homogeneity the result is clearly proportional to vi(z). 


The first assertion follows from 2.5.28 2). 


It then follows from 2.5.25, 2.5.26 and from the fact that 
the operator Fn @F is injective on I (a, @ qd.) that we 


have the fundamental formula: 
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m -d 
2.5.29. Ro(g)-¥ = J(gst) 4, no 
where GC ae) = (cttd). 
Remark: As 4 is a harmonic function with respect to A, 
—_— PisP, S 
our function 4 = ¥4 = e“i™S is similar to the 
T T,P)5P, Pi» Po 


function f, (2.5.17) (when S >> 0). The striking fact about 
3 
the Rallis-Schiffmann function Ve is that V is supported 


on the set S > O and is not a C -function on E. 


ad 


2.5.30. Let us consider R, as a representation of Oo x O(s). 


The choice of the decomposition E = EL, @ E, of E asa 


orthogonal direct sum of subspaces where S,,S, are definite, 


2 
is equivalent to the choice of a maximal compact subgroup of 


0(S) ™ O(p,q), namely o(s,) x o(S,) ~O(p) x O(q). Clearly 

under the representation (Rg (e)@) (x) = o(27 tx) of the group 

O(S) in F(z), our given function Va p__ transforms under 
1’°2 


O(p) x O(q) as does P) ® Pp, i.e. "PsP, is of type d, @4d, 


under O(p) x O(q). 
Let us summarize the results of the preceding discussion: 


a) The function 4% associated to the harmonic 
Ts Py5Po 
1 and P, of degree n and m_ respectively 


is in L°(z) if a = ((p/2)+n) - ((q/2)+m) > 1. It is in 


polynomials P 


ti(g) n i(k), if n-m>q and p+q>2. 


b) let ad>1, then 4, p..p_ depends holomorphically 
daa es”) 


of Tt and satisfies: 


cai -d 
Ro(g)-4 = Je) y ' 
Ss Py sPos7 so? Ps Pos98-7 
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where j(g,t) =ct +d, if g = (0 >) ¢ sL(2,R). (If da is 


d 
not an integer, Ry is a representation of G~= {(g,0)} and 
-d -dg(t 
j((gso)st)74 = e728), 


c) YP eP jt is a vector of type d, Od, under the 


action of o(s,) x o(S,). 


(As remarked before, these properties in fact characterize 


P, uniquely.) 


6, Pr Py 


1? 


2.9.31. We will be mainly interested in the case where S is 


of signature (2,q) on E. let D= {ze BE’ such that 


S(z,z) = 0, S(z,z) > O}. (D is a line bundle over the hermitian 


symmetric space associated to the group 0(2,q) via the map 
z ~>€z.) Then the 2-dimensional plane (Cz @Cz) NE isa 


positive definite plane E,- There exists a basis C12 eos fy, 


co ge 2 2 > 
S(z xe, + 2 yyfy) =X) + X% - Ra Yj" On E, = Re, @ Rey; a 
harmonic polynomial PL of degree n is given by 

n n 
P) = (x, + ix,) or (x, - ie). Now for P, = (x, = ix, ) P 


-n - 2 2\-n n _ -n -n 
Sy P, = (x3 + x5) (x, = ix, ) = (x, + ix, ) S(x,z)~". Hence 


il 


n 
the vector PPP associated with P, = (x, = ix, ) » Py =1 

is given by S$(x,z)7™ S(x)n-8/2) and depends holomorphically of 
the variable z in D. Hence we obtain: 

2.5.32. Theorem: Let E be a space with a quadratic form S 

of signature (2,q) (with q>1). let ze" with S(z,z) = 0 


and S(z,z) > 0. Then 
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a) The function 


Weg (X) S(x,z)7™ 5 (x)h- (4/2) eitTS (x) | on S(x) > 0 


il 


=O on S(x)< 0 


is in L(g) if n>q/2. 
b) For n>daq, " , is continuous and in t+(g) q 1? (kz). 
3 


c) " , satisfies the fundamental relation: 
3 


Rg (By8p)-¥7,2 = I(eys7) yey 
where g, € Cs Bp € Oo(s), d=n+1-@/. 
(Remark: In appropriate coordinates for the projective space 
associated to D by z > €z, an automorphy factor jlg,,€z) 
will also appear in the variable E+) 

For some appropriate linear functional @ on 1° (z) 
semi~invariant under the action of discrete subgroups yr, x tT; 
of (x 0(s), the coefficient 8(1,z) = <8,07 > will be an 
automorphic form with respect to 7 and z. Some explicit 
examples will be given in Section 2.7, 2.8, 2.9 and will lead 


to kernels of important correspondences. 


2.5.33. Let us comment now on the case p=qe=l. lIet 
7 BOs, eat ee 
E=E,@E, with S(x) = X] - X5- The representation oa 
is the direct sum of Tye and Tso corresponding to the 
decomposition of i(E) > in even and odd functions. The 
- TX 
vector wy (x,) = x,e 1 is the lowest weight vector of the 


representation T3 72° Similarly Ass = Ti /2 @ T3 /99 and the 
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~1x5 
vector Wy (x5) =e is the highest weight vector of the 


Ww Ne 
representation je The decomposition of Ro = oy ® "8 


in irreducible representationsof SL(2,R) is given by a direct 
integral, without any discrete spectrum, as it can be easily 
seen from the isomorphism Rg =U. However the representation 


Ty occurs in this direct integral decomposition, even if not 
discretely. Our vector v(x) = YD op (x) corresponding to 
1? 2 


Pi =X, Py = 1 is given by 


2 2 
-1(x3-X5) Op 
toe) = (sign x) e if (x5 = Xp) > 0 
2 2 
= 0 if (x) - x5) <0, 


Although v(x) is not in i° (2); we can consider it as a 
tempered distribution on E. Under the action of the representa- 
tion Ro on tempered distributions, v spans a representation 
equivalent to tT: 

Iet us look at the action of the group 0O(S) = 0(1,1) on 
v(x). As xX} doesn't change sign on the connected component 
of the hyperboloid x{- x§=k for k> 0, v(x) 4s invariant 
under SO(1,1). Thus v(x) transforms under the character ad, 
of 0O(1,1) such that 

£ 


6) 
a, ( 1 ) =sign€, , (é, = +2) 
0 E. 
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Thus in the "philosophical" correspondence between representa- 
tions of SL(2,R) and of 0O(1,1) via Res Ty) is associated 


to this character d, of O(1,1). 
The vector 
(w, ® Wy) (x) 2X5) = *° 


=) 


2 
-1 (x5 + XS 


is of the same weight than v under the action of 


ene cos 86 sin 8) C SL(2,R) . 
-sin. 8 cos 8 


But v "belongs" to the isotypic component associated to the 
trivial representation of S0O(1,1). Hence it is natural to 


expect the formula 


V = Nein ee dg » 


if this has a meaning. 


2.5.34. Lemma: Let (xf - x5) # 0, then 


v(x15x5) = J (Ro (g)-w)(x1s%X5) dg. 
S0(1,1) > 2 
in(x}+x5) 
Proof: We have to integrate the function x,e over 


the connected component of the hyperbole xs - xs =k with 


respect to the invariant measure under S0O(1,1). If k< 0, 
as (x) »X,) and (-x15X,) belongs then to the same connected 


component of the hyperbole iS - x5 = k, the integral is zero, 


é Ke; we parametrize the 
S =k°, with x, > 0, by 


It 


by antisymmetry. Now let x 
branch of the hyperbole x 
X, + Xp = Ka, X) - X5 = ka ~“; k > 0, a > O. The integral to be 


240 


calculated is: 


= k* (07407?) 
1) da 


as new variable. Then 


5 J k(a +t a7 


We choose u = (a - at) 


du = (1 +a7°) da = (2 + a72) S Thus this is 
2 
k 2 
i -7 (u't2) ay 
oan ke 
wgpe ~1(x5-x5) 

and is clearly proportional to e =e 5 

: l inaxs 2 -i TX, 

Let us consider wo (x,) = x,e > Ww x.) =e 
and 
w.(x.,x,) = (Im 1) ral ) ral ee ) 
aac Baas 5a Te: END 
2 =—2 
inrtx -intx 
= (Im r)l/2 xe 1, or 
Then it follows from 2.5.18 and 2.3.4 that 
2.5.35 Ro(a)-w. = (cr+a)7+ wW 
ie ieee S T 1.7 
(However w, is not holomorphic in 1.) 
Now let us consider 
int (x5=x5) D 3 
V,, (x1 5%5) = (sign x,) e » if x} - x5 > 0 
= 0 on x5 - x6 < 0 


The calculation of the Lemma 2.5.34, proves that v, is the 
"projection" of w, on the trivial representation of SO(1,1), 


i.e. we have the formula: 
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25% 30. v_(x,,x,) = (R.(g)-w_)(x,,x,) dg. 
sie ae ania geS0(1,1) S t a Mca 


We will use this integral representation of v, in order to 
explain the behavior of the modular forms considered by Hecke, 


in the framework of the Weil representation. 


2.5.37. We now summarize some of the results on the decomposition 
of Rg in irreducible components, in the case where V is an 
arbitrary symplectic space of dimension en, and S isa 
positive definite quadratic form on E. 

Let W be a real vector space of dimension k and w* 
its dual vector space. We take as model of symplectic space 
V=W@wW", with B(x, + fy, X%) + fy) = f(x,) - £,(x,). The 
space £=W and £' =W" are complementary Lagrangian 
subspaces in (V,B). 

let E be a k-dimensional vector space, with a positive 
definite symmetric form S. We consider the decomposition 
W@ME+ W* @E of V@OE in complementary Lagrangian subspaces. 
The Weil representation Ro associated to the Lagrangian 
subspace £@E is then realized in 1? (w* @®E). We identify 
W* @E with Hom, (W,E). The action of the group 0(S) on 
1? (Hom(W,E)) is then simply given by (a-)(x) = ~(a7+x), for 
x € Hom(W,E). 

Let D be the Siegel upper half plane associated to (V,B), 
ies. “DoS {Z3 (w*y® > (w") such that oe Z, ImZ>> O}. Let 
D' be the Siegel upper half plane associated to ((V@E), B@S), 
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t 


D' = (zi (w* @ Ez)” > (w@E)®, such that “Zz! = 2'; ImZ! >> 0} 


where E is identified with E*, via S. 


As S is positive definite, the map Z>Z® id, is an injection 
of D in D! (with respect to an orthogonal set of coordinates 


of E, Z @ id is represented by the matrix 


E 
Z 0 


0 “2 
let us define for ZeD the function v5 (X) any For 
X ¢ Hom(W,E) and Ze D, the matrix Z°XSX ¢ Hom,(W°,w°). It 


is immediate to check: 


2.5.38. Proposition: 
t 
) v5 (x) 2 eittr(Z XSX) _ 
S k_S 
b) For g € Sp(V,B), R(g)-vz = m(g,Z) Le 


c) vy is invariant under the action of 0(S). 


The function vy is thus the analogue of the "lowest weight 
vector" eitzs(8) in the case of SL(2,R). 


Let k be even, then the representation Rg (g) is 
equivalent to a true representation Ri (g) = s(g)*/* Rg (g) 


of Sp(n,R). Hence we have: 


S 


Ri(g)-ve = (det (cz+p))“*/? VgeZ 


for g = (E18) é Sp(n,R). 
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2.5.39. We now generalize the functions fo aie) = P(r)er™25(8) 
3 


P harmonic polynomial on E, discussed in the case of SL(2,R). 
Let us consider the space @ of all complex valued 


polynomials on Hom(W,E). This is isomorphic to the space of 


Ny 2. 


all complex polynomials on Hom(W’,E We denote by 0(S,¢€) 


the subgroup of complex transformation of gf leaving stable 


¢ ¢ 


the form S” on E. The group GL(n;¢) x 0(S,€) acts on @ 


via ((A,a)-P)(X) = P(a-XA), for Ae GL(n,€) and ae O(S,¢). 


For X€ Hom, (W",E°), let us consider the symmetric matrix 


txsx. The coefficients (*xSx), j generate the algebra of all 
3 


O(S,€) invariant polynomial functions on Hom(W,E). Thus 
we can describe the algebra we of all 0(S,€)-invariant 


constant coefficients differential operators on Hom(W,E) as 


follows: we fix a basis of wo and an orthogonal basis of Ee, 


Writing X in Hom(w’, £°) as: 


=a? 2 *)1 

X = ) 
*1k? > *nk 

the algebra OF is generated by the operators: 
n 
A, a = ) 5) 
3 os ra) R) 
h=1 Xa 4 se 


Similarly to 2.5.11, we define the space of O(S,€) harmonic 


polynomials by: 


arb = {P ¢ # such that Aa P-= 0 4. forall -i,j): 


Let us consider the action of the group O(k) = 0(S) on XH, : 
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We write pe = @ HX (.) for the decomposition of ort, in 


isotypic components under 0(k). We then have: 


2.5.40. Theorem: 
A 
a) let == {2k € O(k) such that 6(1) # (0}}. The 
restriction of the representation Ry of Sp(B) x O(k) on the 
isotypic component of type \ under O(k) is an irreducible 
representation W. @d of Sp(B) x O(k). 
b) We have R, = © W 


Ses 
is injective on <&. 


n @ i. The correspondence A > Wy 


Remark: The representations Wy are representations of Sp(B) 
with lowest weight vectors. Our conjecture in [15] is that 


{W exhausts the list of unitary representations of the metaplectic 


o 

group with lowest weight vectors. When k > en, the representations 

Wy are the members of the anti-holomorphic discrete series of 

Sp(B). When k is small, these representations can be realized 

into a subspace of anti-holomorphic functions on the Siegel 

upper half plane solutions of a system of differential equations. 
Let us now describe the lowest weight vectors of the 

representation R, of Sp(B). Let us consider the space 

of O(k) harmonic polynomials on Hom(W,E). dr6 is stable 


under GL(n,€) x O(k,€). We have the following: 


2.5.41. Theorem: 
a) The isotypic component $4(r) of At of type X under 
O(S,€) is irreducible under GL(n,€) x 0(S,C). 
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bd) The isotypic component Aé(1t) of Hb of type 7T under 
GL(n,€) is irreducible under GL(n,€) x 0(S,¢). 

In other words, if = = {ik, irreducible representations of 
O(S,€), such that #6 (1) 4 0}, then, for \ € 3, there exists 
a unique irreducible representation t = 71() of GL(n;€) such 
that 26 (tT @ A) A {0}. Furthermore, the map 4 >17(A) ts 
injective on &. (It is possible to describe explicitly the set 
= and the correspondence 1’ > 17(i), see [15]-) 


Let now Pe O4(t @X). We consider the vector 


_intr(z°xsx) 2 


fp g(x) = P(X) of L°(Hom(W,E)) . 


We have then the following: 


2.5.42. Theorem: let Pe 46 (1 @x), then for 


g = (AB) é Sp(n,R) 


k 
Ro(g)-f5 5 = m(g,Z)° f e : 
: P,2 1("(cz+D)"+).P,g.z 
Proof: This relation can be checked on the set of generators 
1|X O}l 
(S14), (Eh) 
the case of SL(2,R). 


of Sp(n;R), or by infinitesimal methods as in 


2.5.43. We finally give a special example of Pe dt (t @®i). 
let dim E = dimWe=n. Then Hom(W,E) is a space of nxn 
matrices and the function X > det X is well defined, up to a 
scalar depending of the choice of basis of W and E. LTet us 


consider an orthogonal basis of E with respect to S. Then it 
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is easy to verify in these coordinates that det X is an 0O(S) 
harmonic polynomial. Clearly P is of type X(c) = deta, 
™(A) = det A with respect to O(S) x GL(n,¢C). 


2.5.44. Corollary: Llet,for v=0,1 and k=n 


t 
. (X) woliee x)Vetttr(zZ XSX) 
3 


us kK ~1 
then R,(g)-f, 7 = m(g,Z)" (det(CZ+D))" fog 
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2.6. @-series associated to quadratic forms. 


let (E,S) be a k-dimensional vector space with a non- 
degenerate symmetric form of signature (p,q). We first consider 
the two-dimensional canonical symplectic space V = RP@ RQ 
and the associated symplectic space (E@V,S @B). The grour 
O(S) x SL(2,R) is naturally imbedded in Sp(S @B). The 
space £=E@Q@P is a Lagrangian subspace of E@V. 

let L be a lattice in E. let L” = {e € E, S(#,L) € Z} 
the dual lattice of L with respect to the form S. The lattice 
r=L" @P+L@Q is a self-dual lattice in E@V=E@P@EG@Q. 
We consider the character yy of exp(r @/RE) =R given by 
y(exp(2* @ P+ 2 @Q+ tE)) = (1) 5(4.2") 2irt 
(i.e. S(L,L) ¢ Z). We denote by n, the level of L, t-e. 


We assume Lc L* 


n,; is the smallest integer such that n,2* é L for every 
Per, 
Let us consider the action of SL(2,Z) on E@V. We have 


(2 5)-(2* @ P+ £@Q) = (ab*+ds) @ P+ (chal) OQ. 
Hence the lattice L* @P@LeQe=r is stable under 
T.(n.) = ((? ©), ¢ = 0 mod n.} 
O.'L c a’? 1 
The pair (r,y) is stable under 


26s Tina) =. as c= 0 mod n,, acS(£*,£") = O Mod 2 
bdS(£,£) = O Mod 2}. 


In particular if L=L” and L is even (S(£,4) «€ 2Z, £ € L) 
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then To(nysx) is the full modular group SL(2,Z). In 
general To(ny»x) contains the congruence subgroup To(en,,2). 
Let us consider the representation W = W(r,y) of the 
Heisenberg group N in H(r,y). It is clear that the operator 
(A(y)o) (n) = o(y72-n) is an unitary operator on H(r,y) 
satisfying a(y)w(n)a(y)7> = W(y-n). Hence A.(y) is 
proportional to the operator Ry (y) of the canonical projective 
Weil representation. There exists a scalar oa(y) such that 


the following diagram is commutative: 


2.6.2. 
H(£) we H(L) 
a) ay, 
H(r,y) eae H(r, x) 


As in 2.2.30,we have a(y) = b(y4£,23(r,x)) = b(£,y7*43(r,x))- 
Let (e,; Ons ‘'%s e,) be a Z-basis of L, then 

L" =Ze}@-++-@®Zer where e; is the dual basis. Let 
Ss (S(ej,e5)) the matrix of S with respect to the basis e,. 
The number D = (det S) is independent of the choice of the 

Z -basis (e,), and is called the discriminant of L. We have 

e, 22 S(esse,)ey, ey LS sink, if we have identified L 
to ZS inside R= 5 (S is the matrix S = (S(ejse5)). 
Consequently, the number ny is the smallest integer such that 


ne have integral coefficients. In particular n, is a 
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divisor of (det S); the equation n, =S+(n,S"*) implies 
that ne = (det S)(det(n,S"*)). Hence n, contains all the 
prime factors occurring in det S. 

The elements Ps = e; @ P, Q, = e, @Q form a symplectic 
basis of E@V_ such that 

k k 
r= = ack arch “Qs. 

For y = 3) in SL(2,R) the symplectic transformation 
y(e @v) =e @ yv is expressed in the basis (P5525) by the 


matrix: 


Hence for yv ¢€ To(nys~)s 
a(y) = b(4,y74£) = b(a,-cs~+) 


it \ 


= = sign(as”*) - sp-(sign(de)(sign Ss) 
e _ 


=n(es" 4) 
from 2.2.29. 
We now have to calculate: 
k im<cS —#,#> 
= ar 2 2 : 


v(cs7+,4) i, x 
ecZ /dZ 


2.6.4. Proposition: Let Q bea (k yx k) symmetric matrix 
with integral coefficients and even diagonal. Let d be an integer 


prime to det Q. Iet ” Qlr,e 
d 


vp(aa)=a*/? 2 , 
PE /AZZ 
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Then, if dad is an odd positive integer: 


det Q\/2\k ok 
b(Q,d) = (=F) (5) Ee . 


Proof: We proceed as in 2.2.18. 


a) Let ad =p be a odd positive prime. The even symmetric form 


(Q mod p) on the vector space FS = (Z /pz es is diagonalizable, 


i.e. there exists a (k xk) matrix A with integral coefficients 


eq, 


@) 
such that agéa = ( ) mod p Changing # in Ar, our sum 


2q 
becomes K 
2 2 
2q 5 2itq e 
-K/2 air —id kK Lap — 
p ( py e ) = 4s ( z e 
= 4 


by 2.2.14. But (det Q)(det a)* = (mq) 2" mod p. Hence 
(Ma _ (det Qy (2)k 
D Dp pe 


g) let d=p™. Let K 


Py € z*/p'z . We consider the 


of the form e@, + pels where £ varies 


Puk 
oo £0 


elements of wz */p 


over z* /pz* . We have 


iv Q(eotp™ "f,eotp™ 4) 
Pr 


Py e P 
bez pz * 
Lm Q(F os 8) a(eo.4) 
r __ 
ee p 2 : ec it Pp 
Le /pZ 
im Q(r,#,) kph gq 
we 0 hin 5 20% 
=e Pp »Y e a=t 


251 


using the diagonal form of Q over (Z/pz )* (with q, prime 
to p). As the sum over all p-roots of unity is zero, we find 
that our partial sum is zero except if 8 = QO mod p, i.e. if 
Bo € pak. Hence in our Gauss sum 


im Q(8s#) 


r 
e p 


p> 
# ez/pt zs 
we need only to consider the element Bo & pz*. We obtain as 
in. 272.16 
-2 det k 
p(Qsp") = b(Q,p" ~) = (EB) (E )* (2), 
p 


p p* 


by induction hypothesis. 
y) Finally if d= djdo, with d, and d, relatively 


prime, we write any element Ff of z* /an* as 


k k kK k 
ef = 8, + 18, with #,¢«Z /a,zZ 2 fo 6 Z [Ap » and we 


obtain (following 2.2.18) our proposition. 


2.6.5. Remark: Let Q be an even form such that det Q is 
odd. Then 


a) dim E-=k is even and (-1)*/? (det Q) = 1 Mod 4. 
b) b(@,2) = (ge) 


Proof: Let us first consider the case where k = 2. Then 


2 


q = ("9 ©), with c odd. Hence det Q =-c” Mod 4 = <1 Mog 4. 


c 2b 
Now to prove b), we have to calculate 
2 2 
i : _inlagitesys.tbea) . 
2 8,€Z {22 
P5€Z /2Z 
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This depends only of (a,b,c) mod 2. 
a 
If asm O mod 2, we can write Bf + ben = eo(2,tbe,) . 


Changing of coordinates, we have: 


ive ,e 
d(Q,2) = 5 S 6 Oa a 
§,70,1 
As det Q = ~c* (c odd) is congruent to 1 or -1 mod 8, 
we have b(Q,2) =1 = (ast-q) 


If a #0, b # 0, c # O mod 2, we have to calculate 
2 2 
i 4 in(?j+e,8,+85) - 
2 . aie 
6,701 
g,=0,1 
But det Q = Hab - ce is congruent to 3 or -3 mod 8, and we 
‘ _ 2 
have again b(Q,2) = -l = (a5¢-q) - 
Now let k>2. As det Q is odd, we can find a coefficient 
5 = Qlesse,) of Q which is odd. We can suppose (e;,€,) 
are the first elements of the basis (e),e,). The restriction 
2a 
Ce 


of Q to the space Ze, + Ze, has matrix a) . Now 


for i> 2, we can find x € Z _ such that 


4704 


Qle, - X,e) - Y4@o2ey) = QO mod 8 


i] 


Q(e, - X,e, - ¥5ey 25) O mod 8, 


2a Cc 
@ 2p) 
unipotent matrix U_ such that 
0 
ees 


as det is invertible mod 8. Thus there exists a 
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where Q are 2x2 matrix. Now aet(ug*u) = det Q = 
(det Q,) + (det Qa) ses -(det Q)) mod 8. This implies a) and 
b) as 


b(Q,2) = 7 b(Q,,2) = vata, = (asm) - 


If Q is an even symmetric form, such that det Q is odd, 
we can compute b(Q,d) for d prime to (det Q), using the 
recurrence formulas: 


If d= age. with d., odd: 


1 
b(Q,d,2") = b(Q2"4d,) b(Qd,,2°) 
b(Q,2°) = b(Q,277*) 


b(@,2) = (aoEq)- 


b -1 


da 
is an even symmetric form. Now from the equation det (cs7+) (det s\ack, 


1) is a divisor of c*. as ad-be=1, d and det (cs~2) 


2.6.7. let y = (@ ) belonging to To(nz»x) - Then cS 
det (cS™ 


are relatively prime. Hence we obtain: 


2.6.8. Proposition: let y = Ss 


then the diagram 2.6.2 is commutative, with 


) belonging to Ty (apex) 


im ( : 
- = (sign ed)sign S = 
a(y) =e b(cS 4a). 


For d odd positive: 


p(os™*,a) = ($)*(G)K(SSE) Ef 
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(for d even, we can use the Remark 2.6.6 to give an explicit 
expression of v(es74,a)). 

We now can give uniform formulas for the representation Rg 
on the congruence subgroup To(en,s2). 

let us consider the universal covering group O~ of SL(23R) 


and the true representation R, of in H(£) defined in 2.5. 


S 


2.6.9. Theorem. let ye To(en,.2); then 


~ 


Rg (¥) = »(y) ACY) 


with x(¥) = £5% GES @). 


es m 
Proof: We recall (2.5.2) that R,(Y) = oe Rg (y) where for 
Y= (* a m= -(p-q) signe if ec #0. Thenfrom2.6.2, 
we obtain 
ir ( 
eS - sign c)(p-q) 
R(Y) = aly)7t ay) e 7 
1 - + (sign c)(sign S) 
=a(y)" A,(y) e 
= sign(cd) (sign S) lL el -+ (sign c)(sign S) 
=e b(cS ",d) ~e A. 


k ,D 
R(y) = €4° (FR) () ay) by 2.6.4. 
If d is negative, we proceed in a similar manner. 


2.6.10. For applications in Section 2.8, we will analyze a 


slightly more general situation. 


Iet A be a lattice in (E,S) of level ny and determinant 


(yi 


255 


let y = (3 3) be an element of SL(2,Z) such that 
abS(x) = cdS(y) = O mod 2, for every x,yeA. Let hea’, 
we denote by 4(A,h) the distribution on E given by 


(a(nsh),f) = = f(htx) . 
XEA 


2.6.11. Proposition: 
a ~k/e 
Rg(v)-o(Ash) = Dv/2e7*/2 x o(nyk) 0(44K) 
KEA 
with 
d eit - & 
aii = S(h+y) rae S(k,hty) -i9 . S(k) 
c(h,k) = = e e e 

yen/ca 

Proof: For a change, we will give a direct proof using the 


explicit formula for Rg (y). By definition 


(Rg(v"")-@) (exp y @@) = (Fy ay Aly”*)o) (exp y @ Q) 


uf (A(y7*)@) (exp y @@ exp x @ P) dx 


uf (exp y @ y@ exp x @yP) dx 
where u is the positive constant such thatthis operator 
is unitary. We write 


exp y ®@ yQ exp x @ YP = exp a @Q exp 8 @ P exp tE 


and we obtain 


Tt 


(Rg(y"*)o) (exp y @Q)) = ul f plexp a @Q) e'™ aa , 
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as op ¢€ H(£). The explicit calculation of +t in function of 


y and q leads to the formula 


(R,(y"*)-@) (exp ¥ @ @) 
in & 8(q) 2Slary) iy 8 s(y) 
e e d 


=u!l [ (exp a @Q) e a. 


let Q)5 Q» +++, Q be a basis of E, and suppose that H(2) 
is identified with L°(gz) with the measure dy, dy, +++ ay, 
derived from this basis, then if det S is the determinant 

of the matrix S(Q55@,), the normalization of ut in order that 


R(y) is unitary is 


ul = |det 3 |e eee. 


Let A be our lattice, we choose dq as such that the 

volume of A is 1. Hence |det S| with respect to this 
measure dq is equal to the discriminant D of the lattice 4. 
Thus we obtain the formula for Rg (y7*) 


2.6.12 (Rg (y7*)@) (exp y @Q) 


a 2ims(a,y) d 
1/2,-k/2 eld ame sires) 


= |D| { olexp a @aQ)e 


which is a special case of 1.6.21 3). 


We have to compute: 
~inds (n+e) -in=s(q) E-TS (a, 2+h) 
Fi= Ze { olexp « @ Q)e e da . 
BEA 
Iet us write # € A as rw =y+ ch, where y describes a 


system of representatives of A/ca and & describes A. Then 
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as cdS(£) = O mod 2, £€ A, we have 


a . a eit 
-ir —S(h+y) -im=S(q_) =-S(a,hty) 5; 
Fe =x e . z i} m(exp a@Q)e ae er imlast), 
yeA/ca LEK 
Now the dual lattice of A with respect to S is a". Then 
vol 4* = (card A) eee By Poisson formula we obtain 
re -irds (nty) -inés(k) S$%5(k,h+y) 
LD =e ZS o(expk @® Q)e e 
yer/cn KeA 
and 
(Rg (y)-@(Ash) se) 
-~k/2.-1/2 ~in=S(k) 2*Ts (i, hty) ~ ings (h+y) 
c D = (exp k @Q)e e e ‘ 
kea* 
yen/cnr 
Now let us remark that the function 
~ir§s(h+y) <%s(«,nty) -in8s (ic) 
e(h,k) = & e e e 


yer/cn 


is invariant by the translation k>k+2£, withfle Aj as we 


have the equality 


-inds(n+y) E'Ts (K+4,h+y) ~ ins (k+2) 
e e e 
~ir§s(n+(y-a£)) S283 (,n+(y-af)) -in&s(k) 
=e € e 


(ad - bc = 1 and abS(£,£) = O Mod 2). Thus we obtain our 


proposition. 


2.6.13. Let us consider S of signature (p,q). We choose a 
decomposition of E of the form E = E) ® E, such that 


(E,E,) are orthogonal, the restriction S, of S to E, 
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is positive definite and the restriction of S_ to Ey is 
negative definite. Let PL be a homogeneous polynomial of 
degree n on E) harmonic with respect to Sy and Ps a 


homogeneous polynomial of degree m on E5 harmonic with respect 


to Sy: We consider the function: 
-2 p- 
VPP, = S) P,P, § for S(x)> 0 


H] 
oO 
fF. 
ry 
wm 

~~ 
Fad 

~ 
N™ 
(@) 


and 


f en TS (x,x) 


Py»P3(x) = tp op (x 


ee 


Tet us suppose that n-m>q, p>1,q> 1, then the function 


f is continuous, in t+ (gE) q L* (x) and is a lowest 
Pi Ps 
weight vector of the representation Ra. 


let L be a lattice in E of discriminant D and level n.. 


L 
We can form the coefficient (6.,R.(a)f ). We obtain 
Les PioP, 
2.6.14. Theorem: The function 4 (r) = = 4 (z)e aveNE DS 
ap ee aes Pp oP Pp PR ss 
Lene eL 1 
stz)>0 


is a holomorphic function of ft on pr and satisfies 


+n-m 
at+b D,\;éc,k .-k 
—)(—— +d T 
"PsP, ered! = Wg) a) big. Serre) ep Pp! ) 
for y= (\ 3) in [)(2n,.2), which k=pt+a. 
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Remark: AS 4, p (#) is supported on S(e@) > 0, we indeed 
2 


Py; 
1 
sum only over the part of the lattice L in the cone S(#) > 0. 


This is clearly a necessary condition for the sum to be convergent 
Qur condition n-m>q, p> 1, q> 1, assuresthat the function 


CJ 2 1 
f is continuous and in L', hence the sum converges 


PisP, 
absolutely and defines a holomorphic function of Tf. 


2.6.15. Let us consider the case p=qe=I1. Iet L bea 


2 2 
lattice in (E,S), where S(x15X5) = xX> - X>- Let P, =x), 


Ps = 1. We consider, as in 2.5.33, the function 


2 28 
Amr (x3-x5) 
V, (xy 2XQ) = (sign x,) e ge: SE 


6) ye AE x 


WW 


Let us consider the group G = SO(1,1). Let G) be the subgroup 


of G@ leaving L stable and such that G,. acts by the identity 


0 
on L"/L. For he L", the set h+L is invariant under Go: 


We denote by h+L/Gp the set of orbits of Gy on h+L. As 


G, is contained in SO(1,1) the function (21585) > signs, is 
constant on an orbit of Go . We thus can form 
ims (#5=85) 
8.(+,h) = z (sign r,) e ; 
geh+L/Gy 


2.6.16. Theorem: Let L bea lattice in (E,S) such that 


S(e) AO if ee L, e £0. Let N be the smallest integer 


such that wNs72 


is an even integral form. Then for 
v= (¢ AF azda 1 Mod N, b @ cz O Mod N, Bo(y-t,h) = 


(ert+d) 6(1,h) - 
S 
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Proof: Let us consider the distribution 


(6, .59) = Z o(h+e). 
Lh eet § 


It follows from our study that Oy, h is a semi-invariant 

3 
distribution under the subgroup [(N) = {y = 1 Mod N}. The group 
SO(1,1) acts naturally on E and clearly 8h is invariant 


under Go: Let us consider the function 
2 2 
ivrx -~i1rx 
1 2 
w, (X45X5) = (Im 1)Vve x1e e 


The function wv is rapidly decreasing on E. We recall (2.5.35), 
(2.5.36) that 


V (x,5%5) = f (g-w,)(x,sX5) dg - 


S032) 
The function g > (6, ne R(g) -w, ) is invariant by left translation 
3 


of Go: Furthermore the double integral 


aA dg 


is absolutely convergent. Interchanging the order of summation, 


this is 


(J 


But w, verifies Rg(o)-w, = (cr+d)7 


(R(g)-w,)(e,585)de) = 8,(rsh). 


= 
geLth/Gy S0(1,1) 


1 
w 


s.7? for o € SL(2,R), 


thus, for any g € SO(1,1), the function 
(67 pe R(g) -w,) = 8, (g,7,h) 


verifies 
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G,(gsy-tTsh) = (ertd) Oo(gstsh) . 
From the integral expression 


6(1,h) = f 8, (g.Tsh) dg P 
G\SO(1, 1) 


we obtain our theorem. 


Remark: let K =Q(/D) a real quadratic field. Let % be the 


ring of integers of K. We may identify G (or an ideal of 4) 


2 2 


to a lattice L in R© via u- (u,u'). Let S(x,y) = x° - Dy*, 


then S(u,u') = N(u). The dual lattice is 2 and is of level D, 


for Dm 1Mod 4. The group G, is the group U, of units ¢ 


0) @) 
of @ such that £ = 1mod%4%/D. The corresponding 94-series 


z (sign u) gh lu) has been considered by Hecke. They 
Hoa modo 
JD JD 


also appear in character formulas for the highest weight representa- 
f. 


tions of the Kac-Moody Lie algebra sh,, as discovered by D. Petersor 
and V. Kac. 


2.6.17. We similarly explicit now the transformation properties 
of the #-series on the Siegel upper half plane associated to a 
even number of variables. 
We consider (V,B) a symplectic space of dimension 2n 

with the fixed self dual lattice r=®@2ZP,O9+:- OUP, 8 2Q, © 
+: O@ZQ > and the decomposition V=2@ £', with 4 = rf RP, » 
Pie a8 gt. 
Let (E,S) be an orthogonal vector space, with a lattice L 


‘= = = 
y oe We write r r, Yr, with ry rnZ,r 


such that S(L,L)c Z. Let L” be its dual lattice. Let 


(€1) 55 +++, &) bea Z-basis of L, then L* = Ze ® --- @ Ze, 
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is a Z-basis of L". The lattice r, =r, QL" + r, @L is 


L 
a self-dual lattice in (V@E, B@S). Let y, be the quasi- 


character of r associated to the decomposition 


L 
r,=7r, ole ro OL i.e. 


imB(x,,x,)S(v",v) 
vp (exp(x, @ v" + x, @v)) =e = , 


for xX, € Ts X5 € Los v* ¢ £", ve £, and let (rps vz) be 
the associated §-group in Sp(B@S). The basis (eF @ Pss€9® Qy) 
is a symplectic basis of (V,B) which is a Z-basis of ry 


over Z. With respect to this basis, the matrix representing 
A{B 
) 


cip) «of Sp(B) 


the image g @ Id of the transformation g = ( 


is Sp(B @S) is the matrix 


pera eer 
C@S 1D @ id 
In particular, we have the: 


2.6.18. Lemma: 

a) Let S be even and q_ be the smallest integer such 
that qs7t is integral and with even diagonal coefficients. 
Let rh) (q) = (CH) 3CeqM(Z)}. Then if v e 1) (q), 


b) Let S be arbitrary, let nN, be the smallest integer 


such that nest has integral coefficients. Let 


A{B 


rs) (an,,2) = (a 5) 3 Ce 2M, (Z Je Die an.M (ZZ we 


then if ye ri") (2n,,2), y ® ide (rps xz) , 
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2.6.16. We now suppose k even. We will thus explicit the 
multiplicator of the 4-function on the congruence subgroup 
described in the lemma. 

In the case where k is even and S is of signature (p,q) 
we have seen that the projective representation Ro is equivalent 
to a true representation of Sp(n,R). In fact, if we define 
R'(g) = s(g)7 (P-a/2) Ro(g), then R'(g) is a true representation 
of G = Sp(n,R). 

We consider 8. the intertwing operator between 
H(L @E) = 1° (4! oe) and H(r,sx,), in particular 4, 9 is 
a function on V @E_ such that : 

(B.@) (0). . 2. ote) 
L eer,@L 
Let us consider S even and let ve ri") (q). Then the image 


y@id of y belongs to Tolr Thus the operator 


7 Xp) be 
A. (y x id) operates on H(r,,x,) naturally, by conjugation. 
L 


2.6.19. Let L be an even lattice in (E,S) with dim E = 2k. 


Let (det S) be the determinant of S over a Z-basis of E 


1 is even integral. 


and q the smallest integer such that qS- 
(-1)*/* det s 
The function on Z defined by X%g (2) = aye | for n 


odd defines a Dirichlet character mod q. 


We now prove the: 


2.6.20. Theorem: Let L be an even lattice in the orthogonal 


vector space (E,S) where dim E=k is even. Then 
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Rs ty) 8 = x(y) ALY) re? 


with y(y) = Xg (det D), for v = e s) € aC 


Proof: We know that Ro (y) 4, = b(v @ id) AL. (y)a., 


bly x id) given in (2.2.26). Thus we obtain 


Ri (v)@ 
iS) rr, 


u(v) ALO) om 


s(y)(P-W2) b(y @ id) A) 


with 


As R&(y) and A. (y) are true representations of ri") (q), 
L 


u(y) is a character of 7) (q). We thus have to verify 


that u(y) coincides with y(y) ona set of generators of 


18") (q). Let 


y = os dy € rf) (q) Cc SL(2,Z) (i.e. ce qz). 


d 


We consider y, the element of Sp(Vv) which operates by 
(= 2) on (RP, ®RQ,) and by id on & (RP,@RQ,). It 
Cc #i J J 


then follows from the calculation of b(y x id) in one-dimension, 


that u(y,) = x(v4)- 


Let us consider now the following elements of T(a): 


g(A) = (aD , with Ae SL(n,Z) 


u(X) = (SH) , with x = “x ¢ Ma nlZ ) 
g'(T) = (A42) , with T= “Pe My n(Z 


It follows from [8] , that the elements {({y,},g(A),u(x),g'(T)) 
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generates r{") (a), To complete the proof of the Theorem, it 
is then sufficient to verify that u(y) =1 for y = g(A), 
u(X) or g'(T). For y=g(A) or u(X) this is clear, as 


b(y @ id) = s(y) = 1. 


Now let g'(T) @ id = (412). Then 
Tas 1 


q 


it 
(sign T)(sign S) 
b(g'(T) @ id) = d(1,q7 @ 7) = v(qr @s74y1)"2 e* 


by (2.2.29) 
s(g'(T)) = i" sign @et T) if T is invertible. 


Hence we have to verify that: 


_it m it p- 
e 7m Sten 7) eee sign (det se = 


If sign T = a-b, then sign (det T) = ay and atb =n 
(if T is invertible). Then we have 


vy (stan T) (p-q) 7 - FE (n-2b) (p-a) ~n (P53) inp (P54) 


e =e e 


and the equality is satisfied. 


2.6.21. Wenow give some standard applications of the Theorem 
2.6.20 together with the Theorem 2.5.41 to transformation 
properties of 4-functions. 

let S be a positive definite quadratic form on E. As 
in 2.5.36, we write V=W@wW" and realize the representation 
R 


S 
in E. Then the lattice r, @L in W" @E is identified 


in L°(Hom(W,E)). Let Ze,@+++@Ze, a BZ-basis of L 


with the lattice My (2) of nyk matrices with integral 
3 
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coefficients. 

We consider r, =r, @ LY + ry @L. Let N(B @S) be the 
Heisenberg group associated to (V @E, B@S). We identify 
elements of Hom (W @E) =W" @ECV@E to elements of N(B @S) 
by the exponential map. The operator a. P from L® (Hom(w,E)) 


LG 
to H(r75x,) has the form: 


ae f)(n) = >» f(n exp X) 3 ne N(BQ@S). 
gee XM, x (z) 
Let S be even on the lattice L. 
t 
We define 9,(Z) = 5 oir (Z “XSx) 
Xe 
“n, k(Z) 


2.6.22. Theorem: 
a) Let k be even and q the smallest integer such that 


qs is integral and with even diagonal coefficients, then for 


every g = (AB) € rh") q), 
8,((AZ + B)(cZ + D)7+) = yg(det D)(det(cz + p))/2 8, (Z) « 


b) Let n=k be even, Q an integer and y, a Dirichlet 
character mod Q. 
We define, for y=0 or Il, 


t 


itr (Z XSX) 


ay’ *(Z) = = y(det X)(det x)¥ 


XeM, a 


Then, for every g = (ALB) € nr) (q9?),, 
ey? X((az+B) (CZ+D)~*) = y(det D) (det (cz+p) )k/2*¥ ex’ X(Z) . 


Proof: 


a) As usual, we write 8, (Z) = (4, 


.v2)(0), whe re ve 
L? Xz, 
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is given in 2.5.32. Then a) follows immediately from 2.6.20 
and 2.5.38. 

b) The function M-> y(det M) is constant on the cosets 
M+ QX of Mo nlZ )/M, | (Z) 

Let us thus introduce the lattice QL. As (QL*) =; i 
its level is qQ°. Applying the Theorem 2.6.18 to the lattice 
QL, we have that for y ¢« ri") (qa°), 


= y,(det D) A. (y)-6 
L Xs Tor Tor 


But, now for f z @iven in 2.5.42; 
3 


as” X(z) = nace (he, fg )hexe Ml 


2 
MeM, (ZZ )/oM, (2) 
Thus for ge rh") (qq): 


“2X(o.7) = > rs f Ne pM) 
as ee) Mem, (Z )/OM,  (Z) x(de Bees wee 
(det (co40) yen ex 7an, s(z) ME SNE) iz) M) 


by 2.5.42 


ui 


¥g (det D) (det (CZ+D) yk/etu (det M) Meare! ° een 


2 
MeM, (2) /QM, ,(Z) 
by 2.6, 20 


_ (ALB 2 
Now, if Me Mo n(Z) and g = (BB) € To(aa ) it is easy to see 
-1 


that g -M=MA+u, with ue Tor = % ® L*/Q + r, @ QL, and 
(B @S)(MA,u) € 2%. Thus, for w € H( tops %gr)s o(g7"M) = (MA). Thus 
b) follows by changing in the last equality M in MA and 


remarking that, as (det A)(det D) = 1 Mod Q, y(det ayvt = y(det D). 
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2.7. The Shimura correspondence. 


2.7.1. Let us consider the vector space E of real 2 x 2 symmetric 
matrices x with the quadratic form §S = <2 det x. 


If 


the associated bilinear form S(x,y) is given by 


S(x,y) = 2x393 - X)¥p - Xo¥,- If 


2 


te ), S(x) = 2(ué tue. y* 
as 


ie 
9 vy 2 1 


In particular S is of signature (2,1). 
The group SL(2,R) acts on E by g-x = ex’g. This 
action leaves S(x) stable. Hence we obtain a map from SL(2,R) 
to 0(2,1). It is easy to see that this map is surjective on 
the connected component of 0(2,1) and that its kernel consists 
of G a The group SL(2,R)/(+1) is denoted by PSL, (R) . 
Iet us consider the symplectic vector space (RP @ RQ) QE 
and the imbedding of QO x 0(2,1) into Sp(B@S) defined in 
2.9. The corresponding representation Ry gives us a representa- 


tion of G, x 0(2,1), where G, is the two fold covering of 


2 2 
SL(2,;R). The formula for the action of (” on 1? (gz) = 17 (E @ RQ) 
are given in 2.5.8. The action of 0(2,1) on 1° (gz) is simply 
given by (g-f)(x) = (ge txtg7}). 
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As in 2.5.24, we consider D = {v ¢€ Bf; S(v,v) = 0, S(v,¥) > 0} 


A basepoint Yo of D is 


Let us consider, for Zé P, the unique element 


ee , 1/2 as ae 
b(z) = 
0 y W 
of B, such that b(z)-1 =z. We consider the 


action of SL(2,R) on ze given by g-x = ex “sg. For this 


action, we have the: 


2.7.2. Lemma: 


_ 216 _ (cOS @ -sin @ 
a)  u(@) Vo =e Vo» = for u(@) ee 5 nie 3): 
b) JV = 0 
-1 z° Zz + 
c) b(z)+vo =y ~( ), for zeP. 
z 41 


Proof: a) follows from direct computation of 


u(8)-vy = (FS § -sin sas i,,cos 8 sin @ 


sin 6 cos 1) (sin @ cos a): 


b) For xX ey, KVq = qe (exp EX+vo) 1p Lo 


t 
az (exp £X Yo + Vo (exp EX)) 1, =0 


t 
XVo + Vo X. 
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- l,i il - t,; = 
Thus,as J = 5( 4) Jvo + Vo(J-) = 


eG SG a ae) 20 
c) follows from the computation 
D(z) vo = ( uy i ie 


As in 2.5.31, we consider the function: 


-7S (x) 


yn-1/e e 


(ay S(x,v9)7" S(x on S(x) > 0 


= 0 on S(x) <0. 
This function is continuous and in t+(g) q i(k), if om > il. 


2.7.3. Proposition: let n> 1, the function ae is a lowest 
© 
weight vector of weight (n+(1/d,2n) for the action of 


Ox PSL, (R). 


Proof: The fact that vy is a lowest weight vector of weight 
n+ 1/2 for the first ee O~ has already been established 
in 2.5.31. Let us check the corresponding assertion for 

PSL, (R). The fact that wy is an eigenvector for the action 

of u(8) follows from eos As the action of the Lie algebra 
of PSL, (R) is given by linear vector fields, it follows from 

2.7.2. b) that Pity = 0, as J+S(vo,x) = 0, and the other 


factors are invariant under the full group 0(2,1). 
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From the Remark 2.5.25, we obtain: 


2.7.4. Theorem: Let n> 1. The representation Ta{1/2) ® Ton 
of G, x PSL, (R) is contained as a discrete subspace in L(g) 
with multiplicity one. The vector oa is the lowest weight 


@) 
vector of this representation. 
let tT =a+ i8, 2 =x + iy be given points in pr Xx pr 
2 
and Q(z) = i i) then we have the formula: (n> 1). 
2.7.5. (Rg (b(r) x b(z))-¥) ) (x) 


Vv 
0 
- 3 (n/2)) /2 y? s(x,@(2))79 5 (x)B-O/2) gi (x)1 


on S(x)> 0 


O on S(x) < 0. 


ll 


b az + Dd 
2.7.62 For ¢ = ql? and g:-Z = oe 


- t 
Q(g.z) = (cz + d)7*g Q(z) *g. 
This formula follows from direct computations. 


2.7.7. As shown in 2.3.3 the fact that 4) is a vector of 
w 0) 

weight (n + (2/2, 2n) for R, can be translated as follows: 

For (1,z) « PY x Pt, we denote by w"(+,z) the function in 


L*(E) given by 


a S(x,Q(z))7" 5(x)20/2) its (x)=, on S(x)> 0 


T,z)(x) 


4 


O on S(x)<¢ 0, 


then,for (a,g) «€ Gy x PSL{R) 5 
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Haat) EY) 5(0,0)72 gee gz) 


Rg (58) #7 (1,2) 


where aCe a) 92) cz + d, and more generally, for 


a des 3) 20) eO (i.e. eo(2) =cez +d), 


Remark: For g ¢€ PSL,(R) ¢ 0(2,1), this formula is immediately 
derived from 2.7.6. 

For @ € Gos this is a deeper property. 

As n> 1 will be fixed in the following, we will often 


n 
suppress the index n and write 4(1,z) instead of y (1,z). 


2.7.8. We will now construct semi-invariant distributions 
x x 

associated to the lattice L = {( + 3), x, €Z}. Let us 
X3 X, i 

consider the orthogonal decomposition E = Ej @ E of our 


x 6) O x 
space E, with E., = {( 2 )} and EB, =(( §3)}. w 
12 0 Xo 3 x3 @) . e€ 
write 
1 0 0 0 01 
Pp = (yg ole ep = Cg 3) and ep =) o)- 


With respect to the decomposition L(g) = L°(E,5) @ IF (E,), 
our representation R, is written as Rio Q R3- 


2.7.9. We restrict first our attention to Ryo: As the 


restriction S of S to E is of signature (1,1), 


12 12 
Ri, = R, is a true representation of SL(2,;R) equivalent to 
os 12 


the natural representation U (2.5.5). 


2.7.10. Let us consider the lattice Ze, @ Ze, in Eo and 
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the 6-distributions (544x579) = (xe, + x,e,). let ¥ bea 
character mod N and u a function on Z/NZ such that 


u(a-j) = y(a)u(j), for a invertible mod Z. We define 


(5 2) = >» u(x )6 e 
u K 12% ye 10 Xy2%o 


We consider 6, as a distribution on H(E)5 @ RP) via 


(5,0) = Dy u(x, ) p(exp(x,e, + Xo€o) @ Q)). 
X19X,€Z 
Let TN) = (CG al c = 0 mod N}. We still denote by 4 


the character 


y= (2 8) > v(a) 


of To(N)- 
-1 
2.7.11. Proposition: For y € To(N)s Rioly) +5, = y(y) ba: 


Proof: We could use the results of Section 2.6. However we 

will give an alternate description of by which will be funda- 
mental for our applications. Let us consider the Lagrangian 
subspace J = E,5 @RP and Ly = Re, @ (RP @ RQ). As seen in 
2.5.5, the representation R,, of SL(2;R) in H(£) * L°(E,, @ Q) 
is equivalent to the natural representation U of SL(2,R) in 


L°(RP @ RQ) = L°(RP @ IRQ) ®e,) ~ H(Z,) via the operator: 


Fy 29) (exp (xP + yQ) @ en) = f o(exp(xP + yQ) @ e, exp te, ® Q) at 


= i: p(exp(te, + yes) ® on a at. 


i.e. Fy i) is the Partial Fourier Transform with respect to 
1? 
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the variable t. 


We write, as u is periodic mod N, 


(6 29) = = u(h) <=  o(h + mN,n). 
heZ /NZ m,neZ 


Thus, applying Poisson summation formula in the first variable, 
we obtain: 
_2immh 


1 mP 
6.9) == = h = (+ = + nQ) @ 
(6.29) Nay a Lae. 0, bo Fy nQ) ®e,) e 


2.7.12. We define, for u a function on Z/NZ, the Fourier 


transform of u by 
2immh 
m inte 
u(m) = > u(h)e YX 
heZ /NZ 


It is clear that, if u satisfies u(ah) = 4(a)u(h) for 4 


a character mod N, a invertible mod N, then a satisfies: 
A ~J]A 
u(am) = y(a)~~u(m) . 

Using this definition, we thus have the: 


e.f.13. Formula: 


mP + nNQ 
(me pae 


(Bye) = HE wm) Fy, go @e,). 


m,néZZ 


let us define the distribution 6! on the space IRP 6 IRQ 
u 


by 


(5,0) =F = U(m) gM EM), 


U m,n 


As we have 
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G (ax) = Giemean) + 


we have U(y)-6! = y(y)776. As 6, is transformed to 6! by 
u 


oan ge we get aie Beeneeie ick: 
v 

2.7.14. Let us consider the space E, and the representation 

R3 of ( in L*(B,) associated to the quadratic form 

8,(x3) = a: Let (8,0) oo g(x,) the @ distribution on 

E3- We denote by Ty (4) the-reciproc image of To (4) in © 

The group To (4) is conjugated to T)(232) by the element 


6) 
g(V2) = ( i 
0 
Thus it follows from the Theorem 2.4.9 and 2.4.15 that 


R(4)-@ = KCAy os where, for y € To (4) 


) (¢ = O mod 4), x(¥) =£7°(9)- 


Let wb be a character mod 4N and u a function on 
Z/4NZ satisfying u(aj) = y(a)u(j). Let us consider our 


space 


and the distribution on the space E given by: 


(8s) = = W(x.) oe tys koa Xo) 
We denote by To) (4N) the inverse image of Ty (4N) in OG. 


On To (4N) we consider the character \}¥ where i is the 
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ine 
special character of Ty (+) associated to @ and y is just 


given by ¥(¢ 2) = 4(d). 


Let us consider the subgroup T)(0,2N) = {( 


Gs a > ¥(a)* defines a character v° of 


a b 
qo? b = O Mod 2N} 


The map 


—_ 


T,(0,2N) = T)(0,2N)/{+1} ; 


we 
We consider the representation R, of Gy x PSL, (R) . 


We now state: 


Ou Paks Proposition: 


a) Rg(o)@, = X(n)7* w(a)7* 8, for o € Ty(4N) ¢ Gp. 


u 


b) Rg (y)-@, = Wy) @,, for y € T(0,2N) © PSLA(R). 


u 


Proof: a) follows immediately from the Proposition 2.7.11 and 
the fact that R~R,, @ R, as a representation of G,. 
b) We have: 


x! 


3 
x3) * 


x. vx x! 
as ae O = G 


2 2 2 
' t 
with x, =a xX) + 2abx, + b Xn» thus xX, Fax) mod 4N proving b). 


2.7.16. Let n> 1 and let us consider the function Wy which 
0) 


is in t}(z) q 1? (kg), continuous and supported on S(x) > Oo. 
Thus the coefficient (0,,R(a,8)-¥o )= r (ose) = 
Dy u(x,)(R(esg) vo )(x) is given by an absolutely 
Vv 
X43 Xp 9%3¢Z 0 
convergent serie. It follows from 2.7.15, 2.7.7 that r(as8) 


is an automorphic form with respect to both variables («,g) 


of weight (n +3, 2n). The corresponding holomorphic function 
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r (ts) on P' x P* is given by: 
Dea D n-(1/2) 2in(x5—x)x5)1 
= u(x, ) (2x,z-x,-x,2°)7 (2(xS-x,x, )) e 
Pa Zz a 3 Le 3 le 
na? 3 
2 
X3?X 1X5 


Hence we get: 


2.7.17. Theorem: Let 4 be a character mod 4N, 
on @/NZ satisfying u(aj) = s(a)u(j). Let n> 


2\-n;_2 
0 (152) = Dy a (x3-%)x 
X19%qsX3€ 
2 
X3?X 1 Xp 


is a holomorphic function of (1,z), which is: 


ua function 


1, the function: 


eta) 2st) 


We 
- modular in + with respect to To(4N), with character 


hy, of weight n +(1/2) 
- modular in z, with respect to Ty (0,2N), W 
7°, of weight 2n. 
Let 
(z) = bY u(x, )(2x,z-x,-x 2°)78 
ay) 1 3°71 *2 
X19XpsX3 eZ 
2 = 
X3-X 1% od 
then we can reexpress 0 (152) as 


2.7.18. A (ts) = ha oy, y(2)(a)PA/2) 278", 


2.7.19. Let n>1 and 4 a character mod 4N. 


ith character 


We denote 
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by Sit i/2\To (tN) sd4) the space of holomorphic functions on 
pt satisfying: 


a) £ (22) = GB) uly) (ota) O/2) o(4), for every 


y= (2g) € Tolan). 


Gy” 8G.) eee, 
m>O 
Let J be a fundamental domain for To(4N\ Pr We can 
then form for f ¢ Sih /J\To(AN) »d¥) the Petersson inner product 


F(z) = ae 1 )nil/e-2 ldtdt| . 


The resulting function is an automorphic form of weight en under 


T)(0,N/2) and character 4 
We will now consider some special function Ug and prove 
that the map f > F, gives the Shimura correspondence. 
0) 


2.7.20. We recall that if n> 2, we can define the Poincaré 


series associated to thecusp P =m, by 


clr) =2 


eS . d(g) (0) jon, 1) (nt/2),219q (07? +) 
eT) (4N)/T 
1 2 “ 
where T= (4 ‘j), and T, is the reciproc image of T, in GY. 


2.7.21. Let us denote by 4, for w a character mod 4N, the 
function on Z such that s(a) = 0 if (a,4N) 41 ana 


¥(a) = ¥(a Mod N) if a is invertible mod 4N. We will see 
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nN = 
that is u, is such that u, = 4, the automorphic form % 
@) @) 0 


is naturally expressed as a sum of Poincare series Gt (+) 
(associated to the cusp ~). (If u was arbitrary, we would 


have to use several cusps of To(4n) \ Pr a similar example 


will be treated in 2.8.) 


2.7.22. Let | beaneven character mod 4N. For Ug such 


that U = 47+ = 4, the distribution 6, is transformed by the 
& @) 
operator S y into the distribution 
1? 


zl —_ P+ 4N 
(515) = TV 2 ¥(m) oy) . 
m,neéZ 
(m, 4N)=1 
In particular b is supported on the set (ae ae 3 (m,4N) =1}. 


We analyze now the orbits of Ty (4n) on this set. We denote 
the point xP + yQ by Go The stabilizer of the point (5) 
for the natural action of SL(2,R) on RP@RQ is the subgroup 


=(6 fs eR. ae 1 2)G) SC) ane oreit-or ()) 


under SL(2,Z) is the subset (m,n) of integers (m,n) 
1 
) 


relatively prime. Hence the image under Ty (4N) of (5 is 


the subset A, = nad with (m,4Nn) = 1}. Thus A, * Patan) 72 . 


For j invertible mod 4N, we consider 


Rog ia (j(mP + 4NnQ); (m,4Nn) = 1}. We have: 


2.7.23. Lemma: 


a.) A = es 
j inv.mod 4N 


b) For j invertible mod uN, the map y > yi) defines 
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a bijection of Ty (4n)/T,, with As. We have A, =A 


J J' 


if and only if j = +j'. 


Proof: Let (mP + 4NnQ) ¢€ A and let Jj be the greatest common 
divisor of (m,4Nn). As (m,4N) = 1, j is prime to 4N. 

Hence (m,4Nn) = j(m',4Nn'), with (m',4Nn') = 1. The assertion 
b) is immediate. 


For qo a function on the space Ey o» we thus have 


Be é mP+4NnQ 
(54 99) =qy 2 WH) (7), 20) a @ ep) 


in -le 
Saeed it, WITH (y) (u(y) Fy, 4%) (atg20) ) 
vel (4N as 
Me saya Se EIT a(Ryply) 9) (fs 0 
0 


But we can again apply the Poisson summation formula to the 
function (Ryo (y)7"@)- As J; g is the partial Fourier transform 
|? 


with respect to the first variable, we obtain: 


2.7.24. (5 50) = = 3 u(y) = u(J) (Ryo (¥)7 7) (5,0) 
©) veTy(4Nn)/T., JE 


(The factor 5 comes from the fact that To (4N) (3) = To (4n) (4), 


We now express fl, (r,z) in fuction of the Poincare series 
Gt(+). Y 


2.7.25. Theorem: Let us define 
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o 


40 1 
oa (z) = re Uo (5) oe 


Then we have: 


00 u 2 


ph-1/e 5 ¢) en-1 qm 
Edy (2) 0 (r) 


2) (1,z) = 
0 
Proof: We have to compute: 


(8, o¥(r42)) = ei ez Ug (xy) #(152) (x1 5%55%3) - 


Tet us define 
x x 
Vg(t5Z)(X15X5) = 2 e (7,2) ( : 3), 
X,€Z X3 Xr 


as a function of (x5x We then have to calculate: 


ys 
2 
(os »¥,(t,z)). Using the formula 2.7.22, this is 
e) 


i) 


-1 
vel (4N)/P., vy) 2 w(J) (Ry oy) “by (t,z) )(J,0). 


As Rj. operates on the variable (X15%5)5 we have: 


-1 
re u(j) Rio(y) ¥g(tsz) (js 0) 


a w(J)(Ryoly)*-¥(r,2)) (2B). 
meéZZ 


Let us write R,(e) = Ryo (o)R3 (a), L.e. Riss) = B,(o)Rg(a)"*. 
In particular, as R3(s) for aé Ty (4n) leaves semi-invariant 


the distribution 8, we have: 


We recall (2.7.7) 
Re(F)bev(ry2) = g(t OR) giytteeya). 


Now 


Using now the order of summation: 


a a = 2 a 2 
VET o(4N)/T,, msde = meZ —-yeTo(4N)/T,, Jez 


we obtain our theorem. 


u 
We now compute the development of a (z) in Fourier series. 


2.7.26. Lemma: For ze Pr, we have: 


6s Oitrmz 
u n-1 N 
0 _ 2 oF t(r) e 
qa (z) = e(n,N) r=l 
Proof: We write 
“O(2) (hn) 5 (god yn 
2). = >» u,(h D> 
“n ne(z /4nz) © °° gem ©m% - \AtENG 


Let us consider the function on KR defined by: 


1 
x > Conga) no D> Le % 
Tn x 
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From the integral formula 


lyn Citez n-l 
FS) =e, fe ° 


+ 
de (zeP) 
: @>0 ' 


- 


we see that,for n> 1, this function of x is the Fourier 
transform of the continuous function of #, supported on 


# > 0 given by 


2 ite (2mz-h) 
n-1 TN 


eres e 


Thus, applying the Poisson summation formula, we obtain: 


2imr(2mz-h) 
N n-1l 


2 (sp) ” ee a e ; r 
jez “In + j r=] 


and finally, up to a multiplicative constant depending only 


of n and N: 


a wo  _cLmrh Oinrmz 
a (2) = Dy Up (h x= e Wy nel en 
heZ /4+NZ r=1 
As, by definition of Uo» 
_eimrh 
z Uo (h) e a ¥(r) 
heZ /4NZ 


we obtain our lemma. 
2.7.27. Theorem: Let n>1, yy a character mod 4N, 
f= sense 
m>0O 


a function in Snail FoltN) » 4) 
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then 


is an automorphic form with respect to the congruence subgroup 


T)(en), with character 4. 


Proof: Let us compute: 
(Sf)(z) = [ 0, Trsz) f(r) du (+) 
6) 


From the characteristic property of Poincare series (2.3.23) 
and Theorem 2.7.25, we obtain (up to a multiplicative constant) 


= ee 2 
(St)(z) = = d_ (z) a({m) 
m=1 
ie _2immrz 
oo b(r) a(m°) e oN. 
r=] 
m=1 


From (2.7.17), Q, (t,z) is modular in z with respect to 
0 
Ty (0, 2N) with character 4°. Thus : a (1,2) f(1) du, (1) = (&)(z) 
@) 


is antiholomorphic in z and satisfies the relation: 


(Se) (y-p) = #(y)® Tysp)*" ~~ (Er) (p) 


for pe P,ye T)(0,2N). We have (Sf)(z) = (Sf)(-2Nz). 
From the fact that (-2N)(y-p) = y"\(-2Np) with 


v= (. 4)» 
“ON 
we see that (Sf)(z) is holomorphicin z, and automorphic 
with respect to the congruence subgroup T)(2N) with 
character -. Q.E.D. 


2.7.28. Remark: The Dirichlet series corresponding to Sf 
(S like Shimura) is 


ae aes y(r) a(m°) (mr)~® 


Shimura proved originally Theorem 2.7.25 using Weil characteriza- 


tion of automorphic forms via functional equations of Dirichlet 


series. 
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24.8% Zagier modular forms and the Doi-Naganuma correspondence. 


2.8.1. Let us consider the vector space E of all 2 x 2 


matrices x provided with the quadratic form S(x) = -2 det x. 


If 

x x 

x = ( 1 3) » S(x) = 2x Xp ~ 2xx 
x - 3 le 

4 Xp 
If 

x x y y 

x= (71 3) ana y= (? °3), 
a Yy Yop 


the value of the associated symmetric form S(x,y) is 
S(x,y) = X3¥y + XyV3 - (xp¥o + Xp¥z) - 


We write also 


2 2 ) 
S(x) = 2(uy + Us = ( l 
In particular S is of signature (2,2). 
The group SL(2,R) x SL(2,R) acts on E via 
(85985) °x = Baie This action leaves stable S(x). Thus 
we obtain a map from SL(2,R) x SL(2,R) into 0(2,2). It is 


easy to see that this map is surjective on the connected component 


of 0(2,2). Its kernel consists of 
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We consider the representation R, of OQ x 0(2,2). As 
S is of signature (2,2), the restriction of Ry to OT 
defines indeed a true representation of SL(2,R) which 
coincides with R, (2.5.8). The formula for the action of G* 
on L°(E) are given by 2.5.8. The action of 0(2,2) on L(g) 
is simply given by (g.f)(x) = e(g7t.x). In particular, we 
obtain a representation of SL(2,R) x (SL(2,R) x SL(2,R)) on 
L(g). We will denote by o« an element of the first factor (we 
will write indifferently 1s ¢€ OY or co € SL(2,R) for the first 
factor and by (21585) an element of the second factor. ‘The 
corresponding variables in pt are denoted by (T,Z5525)- 
Following 2.5.31, we consider D = {ve Ee S(v,v) = 0; 
S(v,v) > O}. A base point Vo of D is 
Ges “e 


Vv — 
0 ee 


2.8.2. Lemma: For the action of SL(2,R) x SL(2;R) on E 


given by (g,,g,):x =@2 xgrt, we have: 
prec ree "46, 18 
ea ree 
a) (u(6,),u(8,))-v9 =e e Vo: 


By of pI) Vo = 0. 


c) (d(z4)b(z,))-vo = 


-1/2 -1/2 ca a, ee 
yo ae ee a 


Proof: This is proven in the same way than 2.7.2. As in 2.5.3l, 


we consider the function: 


(ys )(x) = S(X5 Vo) S(x » on S(x)>0 


Yo 


Ul 

oO 
b 
Fh 


S(x) < 0. 


This function is in L* (zg) if k> 1, and in t+(E) nN t? (gr) 


if k> 2. We thus obtain (as in 2.7.3): 
2.8.3. Proposition: Let k> 1, the function we is a lowest 

6) 
weight vector of weight (k,k,k) for the action Ry 


SL(2,R) x (SL(2,;R) x SL(2,R)) on L(g). 


of 


Remark: The following theorem follows easily from the 
Remark 2.9.25. 


2.8.4. Theorem: For k> 1, the representation T, @ T,. @T, 
of SL(2,R) x SL(2;R) x SL(2,R) is contained in L°(E) with 
multiplicity one. The vector We is the lowest weight vector 


6) 
of this representation. 


Iet tT =a + 18, Zz =X, + iy, and Zan = Xo + ly, be 


given points in pP* x pt x pt and define 


2p, ire 
Q(z,,2,) = an Z. ) 
then: 
20.5% (Rg (b(1) X b(z4) x b(zp))-¥y Cx) 


= gk/2 ye/2 ys/2 y)7* g(x) kd it (x)t, 


S(x,Q(Z1s25 


on S(x) > 0 


O on S(x)<0. 
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2.8.6. As shown in (2.3.3), the fact that “ da Vector 


0 
of weight (k,k,k) for R, can be translated as follows: 
For (152552) e PY x PY x pr, we denote by (1524525) the 


function in L°(z) such that 


k-1 eit (x)t 


v(4,2525)(x) =S(x,Q(2,525))7* 8(x) , on S(x) > 0 


=0 on S(x) <0. 
Then for (0,8),85) €Q>x (SL(2,R) x SL(2,R)) 


k 
Ro (758385) °¥ (1525525) 
-k -k. - 
= j(a,7) J(g152,) J(B5s2%5) Ky (o.1, 8) -21985:25) 
where 


ALG es nae) =cz +d. 


Remark: For (63385) e SL(2,R) x SL(2,R), this formula is 


immediately deduced from the relation: 


_ 2a Zi ai 
Q(B) °21285°25) = J(g 1524) J(B5225) G19(24525)85 
For o e€ SL(2,R), this is a deeper property. 
As kK will be a fixed integer > 2, we will often 
suppress the index k, for example we will write ¥(1525525) 


instead of a agayzs). 


2.8.7. Let K=Q(/D), with D> O a square-free integer, 
a real quadratic field. We denote by %~>.' the conjugation 


in K with respect to Q, i.e. (a+ b/J/D)! = (a - bd JD), 


b 
2 2 ) 


and by N(X) = XX! = a = Db© the norm. Let Gs 3) & matrix 
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by! 


q denotes the matrix 


with coefficients in K, then a 


a’ p! 
(ar ai): 


Let © be the ring of integers of Q(/D). » is in © 
if and only if XA}+dA'E€Z, dt eZ. If D¥ 1 Mod 4 


a basis of @ over Z is thus given by (1,/D). If D#1 


1+/J/D 


Mod 4, a basis of G over Z is given by (1, 3 ). 


2.8.8. Let sL(2,0) = ((2 - € SL(2sR) ; a, by c, ad € O}. 
We consider the Hilbert modular subgroup Ty of SL(2,R) x SL(2,R) 
defined by I, = ((g,e')3 g € SL(2,0)}. 


Tet L be the lattice given as in [37], by: 


L= {£, 2x2 Matrices with coefficients in G@ such that 
Lh' = (det £) Ida}. 


a Db a’ bp! d -b 
Thus (— 3) € L, if and only if (or. can = a)? ie 
Bez ec YD x3) with i € 0, XgsXy € Za.) 
/Dx, »! 
2.8.9. Lemma: The lattice L is stable under the action of 
Ty: 


Proof: This is clear as 


(exg'"+)(gxgi71)! = gxxtg7t = (det x) Ia. 


2.8.10. Remark: We have the formula: 


x x 


a. “BY 3) ga? ety 3 ha 3 
Ce eee 
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with: 


« 
h~ 
i 


t - ' = ! 
ad X, - be Xy - ac'X3 + bd! x) 
Yo bic x, + a dx, + a CX3 bidx, 


ab! xX) + a! bx, + aa! x3 - bb'x) 


us 
i 


Yy cd'x, ~ c'dx, + dd'x) - CC !x, 


We see that if ct is an ideal of © containing © /D the 
lattice 


h JDx 


Ma = Bx, \! 


3) ; }¢@)} 4s invariant under SUC;9). 


Let Dd, be a divisor of D. We obtain all such ideals as 
ty = D0 + © /D , and we denote the corresponding lattice by 
oD For D, = 1 this corresponds to our lattice lL; for D, = D 
we obtain the lattice considered by Kudla [17]. 
Let us consider the distribution oF given by (6,50) = ea 
This is an invariant distribution under Ty: We now investigate 
the transformation properties of by with respect to the action 
of Ge We will suppose for the rest of this chapter that D= 1 


Mod 4. 
2.8.11. Proposition: Let 


yv=(% 9) ¢ To(p) ¢ O , then R,(y)-5, = (f) 4;. 
X) ) 
Proof: We write E = Ejo ® Boys where Ej, = (C5 3 ie xX, € R} 
2 
O x 
and Ey = aT oy According to this decomposition, we write 
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our lattice L=A@#, where 


uO 0 YD x, 
N= ((5 41)s } € 0) and 2= Unx, oor XzoX, € Z}. 


We consider first the distribution a, on the space E34 given 
by (8,50) = = o(@). It would follow from the formulas in 
Section 2.6. , that 6, is invariant under [)(D). However 
we will give an alternate proof which will be fundamental for 
the remaining of the section. 

Let us consider the Weil representation Roy attached to 


the restriction S of S = -2 det x to the space 


34 
Ol 0 O 

E3y =R e3 OR e,; (e, = (6 0)» e, = GG o)): Our model is 

associated to the choice of the Lagrangian space 4 = E34 ® P. 

Let us choose £4, =R e, ® (RP +3RQ). We identify H(Z,) with 

L* (RP +IRQ) via (xP + yQ) = » (exp(xP + yQ) ® e,)- The 


operator: 
(Fy, 29) (exp(xPry@) @e,) = { w(exp(xPry@) @ ey exp t(Q@e,)) dt 


intertwines the representation R34 with the natural representa~ 


tion U of SL(2,R) in L°(RP + RQ) (2.5.6). We have: 


-einxt d 


(Fy, , go) (exp(xP+y@) @e,) =] v(exp(te,rye,) @Q) e t 


i.e. F 4 g is the Partial Fourier Transform with respect to 
1? 
the variable +t. Hence, by Poisson summation formula, 
(8,59) = £ o(exp(m/D e, +n JD e,) @ Q) 
m,nez 


is transformed in: 
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258.12. (@,, F4,4,9) = (/b)72 P Boheme P+n/J/DQ) @ e,). 


Let us consider the lattice R, =ZP@®ZDQ. As 


D 


(2G) iene 
this lattice is invariant under the natural action of T)(D) 
on RP @ RQ. As our distribution a, is transformed into the 
Poisson distribution associated to the T)(D)-invariant lattice 
7 Ry» @, is invariant under T,(D). 

Let us now analyze the distribution (6,59) = or 
We consider the restriction Syo of S_ to Ej0° We employ 


here the formula 2.6.8. The lattice 
ee oy 3 xi + yh! € Z, for every i € 0} 


is easily seen to be 


i 0 
at = ¢(“D ), with wed}. 
o met 


/D 
Its level ny is OD. 


The lattice A has the Z-basis 

- lWD oO 
fr = (5 ye fg = C5 if?) . 
Hence S, = (A ee and det S, = -D 

ee 

As A is an even lattice with respect to Sio and D is 
odd, we have To(ny»x) = TQ(D) . As sign S = 0, k = 2, we get 
from 2.6.8, for d odd: 
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a(v) = (=) 4 = (2) €% = = &) 


as D is congruent to 1 Mod 4. Using the remarks 2.6.6, 


we see similarly that we have a(y) = (5), for every d. Q.E.D. 


Let us consider the coefficient R (4381385) = 
(5, ,R,(o x (B18) 4 ). It then follows from 2.8.11, 2.8.9 and 
2.8.3 that the manceien R (4584985) is an automorphic form in 
o with respect to the subgroup T,(D) with character 
es (¢), and in (g,,g5) with respect to the Hilbert 


modular subgroup T, of SL(2,R) x SL(2,R). From 2.8.6, we 


explicit this as: 


2.8.13. Theorem: (Zagier) Let k > 2, then the function: 


= (1,252) (8) 
pa 1779 


O(T,Z4525) 


] 


+ Behe) sey ee 


FeL 
S(#)>0 
+ 


is an automorphic function on pr x (pt x P'), which is: 


- modular in (24525) of weight (k,k) for the Hilbert 


modular group lye 


- modular in + of weight k for the congruence subgroup 


T(D) with character € 


We explicit this function: 
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let us write #=/D (> _3,) with a,b ¢ Z and 


ue 6-1 (where 6 =OJ/D is the different of K = Q(/D)) 


GO | 
7 


then ~-det # = D(uu! - ab) 


S(#,Q(z1525)) = - (uz, +utz, tat bz 525) - 


Let 
2 1 k 
w (25525) 2 (aoe 
m* l°"2 wed UZ + ou Z5 + at 52, 
a,beZzZ 
N(u)-ab=— 


Clearly each w is a Hilbert modular form of weight (k,k) 


we have: 


k-1 
2.8.14. O,.(7525 925) = (/D)* 2 = w (24525) m ee im 


m=1 ™ 

We will now express 0,.(25 22597) as a linear combination of 
Poincare series attached to the cusps of T)(D). We recall 
(2.3.18) that a cusp is an equivalence class of QU {»} under 
the action of Ty(D)- Let x, 5 € QU {m} with (x,y) =l, 
(x',y') = 1. The relations 
_ ax + by 

ex + dy 
for C a) € t(D) implies y' @ dy Mod D. Thus, as d is 
prime to D, we have (y',D) = (y,;D). 

Let D, a divisor of D. We write D=D,D,- As D is 


square free, (D, 5D = 1. We thus can find integers 


o) 
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2 


equivalence class of (=3) we can choose A, = (, 
1 


(p,q) € Z such that pD, + qD, = 1. If the cusp P is the 
: D 


A,:P =m (2.3.18). 
Let us consider the natural action of SL(2,R) on RP ®@® RQ. 


We write ) for the vector xP + yQ. 


2.8.15. Lemma: Let (x,y) two integers, with (x,y) = 1 


and (y,D) =D There exists an element y ¢ TD) (D) such that 


” 
(*) = y Aas (g)s for P = GB) . 


Proof: Let D = D,D,- We have y = Djy', and (ysD,) =l. As 
(x,y) = 1, y is prime to xD,- Thus there exists u,v ¢ Z 


such that xD5uU + vy =1. We write 


But 


with ¢ =D,y + D,D,a = 0 Mod D. Hence (*) = ABM)» with 
y € TQ(D). 

From the preceding lemma, it follows that the cusps of (dD) 
are in one-to-one correspondence with the divisors D, of OD. 
We write P = 0,) for the corresponding equivalence class of 
(a) 


As 
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the width w, of the cusp (D,) is D, = D/D,. We denote by 
S the subgroup 
(D,) 


me 1 ZD 
A(D,) 0 ce =e) 


We consider, as in 2.3.19, the function ety (1) = e2itgt/D2 
1 
and we form, if k > 2, the Poincare series associated to the 


cusp (D,) defined by: 


1 
G (1) = 2 
(0) = vel, (D)/8(D, } 
6) 1 
We explicit this as: 


re -1 .)-k D) 
ogee 2 yer,(p)/S(D,) aay ee 


For f a cusp form in M(T)(D), € sk), we have 
_ ak (k-2)! 


ae (>, (4) ° 


(where (1,04 (py) £) (7) gi aa 


We now define, following Zagier: 


G(r) = F  4(D,) 058 p57) 
D,D,=D 
D,|n 
where ¥(D,) = 3 (05 » if D, 2 1 Mod 4 


/D5 AE Dy @ 3 Mod 4. 


li 

i] 

fj 

~~ 
nw 


ECHO CATD, )) eb, 0) - 
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We will prove the Zagier identity. 


2.8.16. Theorem: For all (222557) e PY y pt x Pr, we have: 


[o.¢] [oe] 
k-1 2itmt @) k-1.n 
= w (z,,z,)m~ ~e = 2. 0 (Z4525)n  @-(7) 
m=] ™ lL’ -2 eye 2 Le 
where 
0 1 k 
en(@te) = 2 Gayruregra 
ued 
aéZZ 
N(u)sn/D 


Proof: Our method will be similar to the one in Section 2.7. 
We write L=A@# in Ej> @ E34: Our representation Rg in 


ee ) ; 
L°(E) = L (E,,) ® L (E3,) is written as R,, @R We will 


at 
that we will prove 


need two lemmas on the representation Rio 


later: 


2.8.17. Lemma: Let D =D,D,, then: 


12? 


DA" + DA = (8 € A; S fF) € 20,2}. 


ol 8s 


Let us consider the lattice A + D,A* = (Dp A + DA”). 


D5 2 
Then 
e Ae +s ez 
A+ DA" = (@e 5-3 S,p(@.£) «€ =). 
4 4 
We define 
(Gx 4agy@) = 2 o(L) 
DjA"+A heD,A™+A 


. = ‘ _ ancl 
2.8.18. Lemma: Bap Ap. 97° = Sp, Op AEA » with =D = Dy ¥(D,)- 
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2.8.19. We now analyze the Poisson distribution with respect 
to the lattice 2%. From the proof of 2.8.11, the distribution 
8 is transformed by the operator F in 
ZL Lot 

(8,7) 9 9) = VD) = olexp(agP +n /DQ) @e,). 

eel m,néZZ 

We now analyze the orbits of T,(D) acting on the lattice 
Rp =ZP+ ZDQ. 


2.8.20. Lemma: Each element of R. is conjugated under T)(D) 


D 


to an element sve (9): where D, is a positive divisor of D 
and j a multiple be D, = D/D,. Two elements jaz (4) and 
2 1 (D,) 0) 


§*851(0) are conjugated if and only if D, = DI, j= + J’. 


Proof: Let m= jx, Dn = jy with (x,y) =1 (y,D) = D,, then 
j is determined up to sign and has to be a multiple of Dy. So 


the lemma follows from 2.8.14. 

2.8.21. As the stabilizer of rte) in (Dp), for J #0, 
i 

is 


l 
ACD) 60 7) AG Moe) Sig. 


we obtain 
(@ »%) 
° -l og Leyla, July)", 9) (220) 
OY yy, OR DS ay 
jezZ~-(0} 


+ (Zp, 449) (020) . 


(The factor 3 comes from the fact that the orbits of at*(4) 
1 
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and a coincides). Let us now prove the Theorem 2.8.16. 
1 


The first member of the equality 2.8.16 is up to a constant: 


(8,59(7,24525)) = 2 ¥(7, 25525) (#) 


feel 
Teotee 
= 2 Dy ¥(T,2,,2 
heD a, beZ dere’ Db! 


r x 


Let us write Vy (X35%y) = ¥(1,25 525) ( os We have to 


calculate (0,54, ). 


*y 


2.8.22. Lemma: (F, )(0,0) =0. 


ek 
Proof: We have to prove that 


r k 7 
J ( +ir1Z “tz, dx, = hg 


X3 1 
where A is such that N(A) < 0. As 2d and X! are of 
different signs, the element MTZ, - XZ, is not on the real 
axis. Thus we have 

(2)§ az =0 (for k>1), 
Imz=c#0” 
and the lemma is proven. 


We then rewrite the formula 2.8.21 as: 


= 1 ay DoJ 
= (/5)7? a 3 (CA, ))UCy) Sp sty) (Gr) 
jeZ-{0} 
veT,(D)/S(D, ) 


Let y be fixed in SL(2,R), then: 
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- =i ree 
OE seg e Fi, bh 


_ af 3 DoJ 
= WB)" E(u) Fy aha) 


as 


(UY) Fh, a )(050) = (Fp, , gb )(050) = 0. 
Applying Poisson formula, this is: 
-1 -1 VD 
D & (R (vy) “y in 0) . 
2 jeZZ 34 h “DS 


Thus, we have (modulo a change in the order of summation that 


we could justify) and writing 4 = ¥(7,2,,25)5 


(6,54) 
5 te -l S jo 
=F Cag) B (Ryy (Am, Ry AC M2) 
1 
yelg(D)/s(D,) 9 


Let us write R(c) = Ryo(a)Ray(o)5 i.e. we write 
Ray (Arp \)Ran(y)72 = Ryoly)Ryo(Age \)R(Ay, v7") - 
SDs)" 34 12st" "12*"(D,) 0" (Dy) 
If a is a function on the space Elo» we have: 


Z (Ryo(y)-a)(e) =€(y) £2 a(e) , for Ye (dD) 
kel Fel 
(the level of the even lattice A is D, and its discriminant -D) 
% (Ry (Alp y)-a)(#) = D57¥(Dg) 2 ale) 
i eeD,A +A 
from the Lemma 2.8.18, to be proven. 
We denote for Ff ¢€ Eyo» (x35X,) el xR the element 
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g + X26. + Xyey of E by (e5x35X)) 


Using the preceding remarks we have: 


EBay Ac, yIRgu(Y)” Vt2 920) (| 


B Rpg )Ryg (A) (R(AGy Yo) 4442 4929))(° 


EB 
ai ~l MVD 
D,~¥(D, )é(y) 2 (R(A y )-¥ (152452 )) (a3 0). 
ere reD ATA (D,) rig ee. Ds 
We recall 
“Kk 


y74r) V(Ary 77-7423 52p)+ (2.8.6) 


RAG yY)V(T2 929) = IAC ) : 


Let neD,A*+A, then § € A/D, and S(f) = £2 (2.8.17). We 
2 
write 
uw oO 
’ _ v5 (9 . 1)» with ueé = and S(F) = £2, 
D,, et /D 2 


: 2imt/D 
Now 4(142352,)(85552,0) = Gerirgg) (F “Gyre 


Thus, it is not difficult to see that 
z (Dg (Dp) (Y)(REAGy yy") 0) (85520) 
D,|D 
1 
yer .(D)/S 
€ of )/ (D,) 


jez 
reD A*+A 


is absolutely convergent. Let us consider the partial sum 2! 
_/D/u fe) _ @n 
over the P35) age that F* = Dp! 0 aytls with S(#) 7s 
(i.e. N(u) = —<) with n fixed. (We only have to consider 
n> 0, as ¥(1,2, 525) is supported on S(#) > 0). Then, by 


definition of w, we have the equality: 


Vb)* otk og : Dp ¥(Dy) (R(A(y y72).4) (¢542,0) 
eeD,A +A : : 
s(g) 8 
jeZ e 2im(A(y yvret) Dy 
= DoHy n(2ys2q)md(A(p a ie : 


Now, summing over y in Ty(D)/S (p the expression 
= 1 
2im(Ay yy * 1), 
E(v)d(Ayy yy * 
(D,)" ? 


we obtain finally (!) 


= ) k-1l.n 
a O35) . WD) Ds 0 (ze en eG (tT) 
DID ehe Don ae (D,) 
n=l 


Reassembling together all the terms (D,5n) such that D,n 


is fixed, we obtain: 


n/D 
k lek LO sens kel 
(JD) <2" O At 72-593.) -S> 2S Wo (22,23) Se ¥(D,)D, (—)""~G 
Kt On > eg el ee oe Dp |D re: Ds (D, 
D,D.=D 
D,|n ; 
fore] n/D 
_ 0 kei 2 
= ES w (25 25)n Hp) 


and our proposition is proven, modulo the two lemmas: 2,017, 


2.8.18 that we prove now: 


Proof of 2.8.17: It is immediate to see that the first member 
is contained in the second member. Now let Fo e A such that 


S € 2D,2Z% , we have: 


12828) 2 


1+/D 0 
( Y) + b( 1JD) 
£ F 
0 4% 1 i == 
S(B 598) = 2((aty)® - vo 2) 


As D, divides D, this implies 2a +b = Dou, thus 


b= Dou - 2a and 


1+/D 0 
nee JDO 
‘= Du( F 1/9) - a( 0 fp): 


The first term belongs to D,A , the second to DA”. 


2 


Proof of 2.8.18: We first prove the following abstract result: 


2.8.28. Lemma: Let (E,S) an orthogonal space, with 
dim E=k. Let A be an even lattice in (E,S) of level 


ny and discriminant D. Let y = (° 2) be an element of 
SL(2,Z ) such that ac # 0 mod n, and acS(#,#) ¢€ 2Z for 
every #f € ie then 
Rey) +0, = S(v)@oqeyq F 
-ir = S(y) 
with s(y) = p7l/2,-k/2 = oe ,» if c #0. 
yeA/cn 
(Remark. If the level n, of A is odd, the condition ac = 0 
mod n, implies acS(e#,#) « 2Z, for #& « n™.) 


N 


Proof: Let us first see by abstract consideration that 
Roy) +8, is proportional to 98 By definition 
-1 


the following way: 


CA*+A° 
-¢). We can compute Ro(y)7* in 
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We consider our self-dual lattice r=A" @P@A OQ 
* 
with its character y(exp(4* @P+ %£ ®Q)) = (-1)5(4,4 ), 
The operator (A.(y7*) -0) (mn) = o(y-n) transforms the space 


-1 


H(r,x) into H(y r,y7 x). We notice that the hypothesis of 


2.8.28 implies that y coincides with y7t-y on yorar. 


Thus there is a natural intertwining operator I between 


r,y7lr 
al =] @1 #1 
the model W(y -r,y -y) of W in H(y "r,y “x) and the model 


W(r,y) in H(r, x), namely we average o in 


(I _, o)(s) = = _,_ xfexp 8) o{n exp 8) . 
r,y Tr rer/rfiy “r 


The operator R'(y7+) =I 14° A.(y) satisfies the fundamental 
r,y 7° 


property R'(y~+) w(r,x)(n) rt(y7t)7t 


= Wr, Cy ten). Hence 
there exists a scalar s(y) such that the following diagram 


is commutative: 
R, (y"*) 
qH(2))9 ————————>_ (4) 


X X 
ae aw) 
t -l 
s(y)R'(y ~) 
H(r,y) —————> Hr, y) 
=] *, %, =] 
We now remark that r/y “rfr™= A /A fie “A: as 


A @QerNny tr, we have 


r/y7tynr ~{e @P; 2 €A*} modulo 


{£2 @P,# € A*, such that y(e @P) « r) 


> 


tee. v/yvtenr = a*/q*newt . 
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Thus: 


(8% Rglv7*)o) (0) = (8,sRg (7+) +) 


s(y)(I yo Any") 8X, go) (0) 
2¥ © 


#1 x 
s(y) Z (A y"~) + 8% p00) (exp & @ P) 
gen*/n*nce ty 7 ra 


i] 


s(y) 2 (6X pp) (exp # @ yP) 
een*/n*non tA r,£ 


s(y) (6% po) (exp £ @ (aP + cQ)). 
A 3 


x 
rea*/a*nc7 + 
‘ ac 
We write: exp(e @ (aP + cQ)) = exp cr @Q exp a* @ P exp = S(e,#)E 
As ax gr & H(ryx) , PEA’, ae @Per and acS(e,r) € 2Z, 

5 


by our hypothesis, 
(a7, go) (exp ¢ @ aP + cQ) = (8% ym) (exp(ce @ Q)) 


and we obtain: 


z (ax go) (exp 8 @ (aP + cQ)) 
%,.*#. =] ’ 
FEA /A fic A 


= = 1 (eX go) (exp ce @Q) 
REA /A NCA 


weg -1, 2 ofexp(u + ce) OQ) 
REA"/A Nic A UEA 


s(y) (6 Pn 90) 3 
CA +A 


which is the first part of our assertion. Comparing with the 
Proposition 2.6.11, we clearly have: s(y) = p71/2,7*/2.(9,0), 
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which ends the proof of our Lemma 2.8.28. 


2.8.29. It thus remains to compute s(A(p y) for 
1 


age ) 

1 Dy q 

Let us consider the basis e, = /D, e, = 1+ /D of 4 over Z 
1 aD ee re 7 : 


a 


For \ = ae, + bess we have 


s(* ° ) = 2(a"p + abp + p° (=F) 
Oo ,! 
eae alae) 2 
~2in Bila’ Deapp+e® (==) ) 2ir —— t 
e =e 
Now 1-D 2 
q(=-) b 
ait oe eee 
c(0,0) = 5 e 1 
acZ /D zz 
beZ /D,Z 
2 
1/2 q 
De D (———) (> ) . 
171 De Dee 2Ds 
But 
us 
1-D 
(——) = (==) =1 
Ph Dy 
Dy 
(H+) = (5-) as qD, = 1 Mod D, 
1 1 
and 
D D 
€ (2) = (4) if p, = 1 Moa 4 
DD) 2 1 
D D 
ED, (se) =< (we) i if D, = 3 Mod 4. 


1 2 
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-1/2_ _D, 
Thus we obtain: s(Acp )) = D, En (sq): Q.E.D. 
Ld 


2.8.23. Similarly that in the Section 2.7, we now consider the 
correspondence between cusp forms of weight k and character 
(5) with respect to Ty (D) and Hilbert modular forms of 
weight (k,k) given by: 


i 


(Zt) (zz) = [ AUts27s25) f(t) du, (1) 
(Zf) (21525) = (Zf)(-25-Z5)- 


We first need to express the development of wo (24525) in 


Fourier series. 


k © 2inr(uz,tu'z,) 
2.8.24. Lemma: w(z4,25) = 428, 2 x, rhte aie ae 
““/* rel yes 
u>>d 
me} 
N(u) 5 


Proof: As N(u) > 0, we have wu! > 0. Thus either u > 0 
and u! > 0, or both are negative. As k is even, we can then 
sum only on yp> 0, p' > 0, 1.e. uw >> O and multiply the 
result by 2. Then for Z, € pr, Zo € Pp uz, + w'Z, € Pp; and 
our result is proven as in 2.7.24. 

From the characteristic property of Poincare series we 


then obtain (up to a multiplicative constant): 
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0 2imr(uz,tu'z,) n/D 
(Zf)(zys2.) = & Erte Tee's r(pp SY j(f)). 
se r=] D,|D a 
e6? ae 
u 
n 
N(u=5 


We put together all the term having the same coefficient. 


1 


let }€6 = oot then \4 = (. /D)O is an integral ideal, 


D 
with norm N(X6) = N(X)D. We sum over all the cuples (ry,u) 
such that ru =}. Thus r divides the integral ideal (\4) =, 


and DN(u) = N(t)/r° . Thus we obtain: 


2.8.25. Theorem: Let f e¢ S,(T)(D), (5)) a cusp form of weight 


k. For each integral ideal CZ of © we define: 
K-] 


e((l) = ae : i W(D,) Dy, *(D,) (f) 


Dp | Nt) /x° 


(The first sum is over the natural numbers r dividing ¢Z, 


the second sum over the integers dividing D and N (LL) /r° .) 


Then the series: 
24 (yz 
(Zf)(z,.25) = & : e(\f) e 


veo” 
yor 
is a cusp form of weight (k,k) for the Hilbert modular group. 


+y)'Z 


a 2) 


Remark: AS proven by Zagier [37], this map coincides with the map of Doi 


Naganuma defined for the eigen functions of the Hecke operators. 
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2.9. Cohen lifting of modular forms. 


Let K be a real quadratic field. We heve discussed in 2.8 
the kernel Uns2 925) of the Doi-Naganuma correspondence 
constructed by Zagier. We will modify this consvruction in 
order to obtain the correspondence, conjectured by H. Cohen ({5]), 
between modular forms in one variable with respect to any 
congruence subgroup T(N) and Hilbert modular forms in two 
variables. We consider K = Q(/D), with Ds# 1 mod 4 and we 


keep the notations of Section 2.8. 


Tet N be an integer. We denote by To(n, @) the subgroup 
of SL(2,9) defined by: 


T5(NO) = ty = 2B); ye sL(2, 6), ¢ e NO}. 


c hd 
Let yx be acharacter mod N. The map y = (e a) > y(dd') 
Z h 
Ss a character of TQ(N, @) denoted by XNK jg: In this 


section we will prove the: 


2.9.1. Theorem: Let k be an integer greater or equal to 3. 
Let 


f(r) = = a(n) gett 


e S(T,(N),x) 
ot k*"O 2, 
be a cusp form of weight k and character y with respect 
to TN). 

let K = Q(/D), with D# 1 mod 4. We define for 


an integral ideal 


e(UL) = 2 rte) y(r) a (Mi) 
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Then 


2it( yz ty'Z ) 
K 7 z c 1 2 
CelZps2%5) = Ly (v5) e 
veh 
yo>0 


is a Hilbert modular form, with respect to the congruence subgroup 


To(N, @) and character XN ip: 


To prove this theorem we will reinterpret Cohen correspondence 


f > oo as given by the Petersson inner product with a kernel 


Q (1521220) - 


Let us introduce N' the smallest common multiple of N 
and D. We have N' = ND', N=N.D" with D'D" =D. We 


6) 

consider on Z/N'Z the function r > xtF) (5). We define 
_ eimhr 

2202. u(h) = = e %N KF) (5) - 


heZ /N'Z 


The function u is a function on Z/N'Z% © such that 
u(hx) = x(n) (B) Up(x), for he (Z/N'Z)*. The function u 
is an even function if y is even, odd if y is odd. We have 


the inversion formula: 
eimhr 


2.9.3. z  _u(n)e §" = w(ytey(f)). 
ueZ /N'Z 


We define, for k and y of the same parity, 


(zag) 2 PY y Pp’; 


k 
eu 20 2 2 Sener 
2.9.4 @n2Z1220) = jez, u( J) uz ,+utzo+(J/N" ) 


we§ 
me) 
N(u) 5 
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co 2imr(uzj+u'z,) 
Py k- 1 2 
wy n(2 229) a eRe ae ‘EY : 
u>>0 
on 
N(u)=5 


where c is a nonzero constant. 


Proof: If N(u) = uu' > O. As the function 


WO) Gaara) 


is unchanged under (J,u,u') > (-j,-u,-u'), we can restrict 


0) 
the sum defining oy i 


3 


to be only over u> 0, u' > 0, t.e. woo. 


Now writing 


Peat ( sorbet] : 


2 
k 
1 
= =  u(h) & fe ae) 
heZ /N'Z jez ( as 


and applying Poisson summation formula to the function 


Cimez k-1 
See) Se ec LTRX o g F de 


paboator OS 
ZEX #>0 
we obtain 
od eit ae 2imr(uzjtu'zo) 
w? _(z sZy) = c 5 u(h) = or e e 
yn 1 hez /N'Z r=] 
66 2inr(uz,tu'z,) 
~ 1 2 
=e! £ ¥r)(f) rte - (2.9.3) 
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We set ae = . mee Let us consider the Poincare series 


Gt of weight k on T(N) associated to the cusp at ©: 


2 -k 2itqy.- 
Gr) =F Sly) (oreay™® eS MAY'T 
vel. NTO (N) 
We now define: 
ee k-1 ,n 
229265 A (1521225) = Ba wy n(2 1220) n Gla) s 


The function 0, (1324225) is constructed in order that: 


K a @ (t3-Z,5-25) 
Ce(z, 22) sea 13-21 9~Z f(7) du, (1) 


with du, (1) = (Im 7 )K-2 ldr dt| and F is a fundamental domain 


for T)(N), l.e. no is the kernel of the Cohen correspondence. 


Hence the Theorem 2.9.1 will be a consequence of the: 


2.9.7. Theorem: The function 0 (152122) is 
1) modular in + with respect to T)(N) and character y, 


2) modular in (21525) with respect to To(N, O) and 
-1 
charact uN 
aracter (y K/Q) 


The first assertion is obvious by construction. To prove 
the second assertion, we will reexpress 9 (1524225) as a 


coefficient <V 0° (1321 520)>s with WS (52452 the function 


>) 
defined in2.8.6, and Vv, 4 To(N, ©) semi-invariant distribution 
on E, and prove an identity analogous to the Zagier identity (2.8.16) 
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Let Dy be a divisor of D, we consider the lattice 


d JD x 
— 3). e 
*Dy * — * ™ )s x e DL O+OD ; X39 Xy € Zz}. 


Then L, is invariant under the action of SL(2,7). (2.8.10) 
1 

2.9.8. We will now define an invariant function v under 

SL(2,0), which will be crucial in our study of the map of Cohen. 


We need first the: 


2.9.9. Lemma: a) € D,7+CJ/D if and only if 4 ¢O and 


AA' € DZ. 


1 


b) If h¢€ D,O+O/D, ¥ +! € DZ. 


1 
Proof: It is clear that if \¢€ D,O+ O Jd, then i\X\' «€ Dz : 
Now JD, 2a is a basis of ( over Z. Let 

N ayo ene) e ( , with a,b ¢€ Z; we have 

2 
a 


2 
AI = 3 - Dia + > If  -rAf € Da » we obtain that D, 


divides D and } ¢ U/D+D,0. b) is immediate. 


We now consider the SL(2, 0 )-invariant lattice Ly = 2, 
i.e 
+5 oO 
Ly = { Ny res ae se 
0) oe . id 7D » ds } 
v0) 


This is the lattice considered by Kudla [17]. 


Let D' bea fixed divisor of D. On the lattice Los 


we define the function v by the formulas: 


D! 
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J 
r /D 
a) v_,( Se k 
D! )=0, if too 
: * Xr Keg z. 
7D 


k 
b) Let mat - Be gz, let (k,D') = DI ana 


DS = D'/D!, then we define Vp: by: 


d 
xk — 
/D 
a (ons KL 
vos [ |) = GP) Gh 


2.9.10. Proposition: The function Vpt is invariant by the 
action of SL(2,U). 
ae 
Proof: Let us consider the matrices g(£,a) = a 0 
(Ee Units, ae () and «6 = e ae By a theorem of Vaserstein [34], 
these matrices generate SL(2,U). 


We compute: 


nN Jy U Je 
g(a) D (g(£,0)!)7+ = YD ’ 
a x! Ko at 
JD /D 
with ky = Ky, Jo = J, - (tatd - €'ar') JD - (ca')k,. For 
" J 
2 =( |, det peat = 
i! 


k 
0 
Hence the set of points p such that det p eZ is invariant 


under 0(2,2), in particular under SL(2,0). Let p be such 


- a = Dix! 
that det pe Z. We write » = 2 with ue(7, k, = Dik’, 
with (k',D}) = 1. The relation det pe Z is: 

DIk! J 
uu! 
eae He e€ Z, hence uur € Diz and ueOD1 +0 /D. 


Then (€a'D) = Fatue Op! +OJ/D_ and 
EallD - E'art!/D = (E atu) + (Eatu)! e D}Z. Thus jy 2 Jj, mod Dt, 


J J 
(24) = (=); and clearly 
D D 
1 1 
Vpr(e( & sa) pe( &.a)'"*) = vp ,(p). 
Let us now compute the action of «a. We have: 
j kK 
d : - 
“( 7a | ‘ 5 
fal = 
ky! _d h 
/D /D 
Let 
u Jd 
D> JD 
p= F) 
k -u! 
JD YD 


such that uu! + jk ¢€ DZ. Let k = DiK'; 5: Dj J'> with 
(k',D') = (j',D') = 1, D' = DiDS = D}D5- The equality to be 


proven is 


cy ceiy ah) = (gh) (GD - 
(pe) Ge) (pe) (pr) (px) (pr) 


Te (D},D}) #1, both members of the equality are zero. Thus 
we consider the case where D! = DDIM, teen. 0537 DM, Ds = DIM. 
The first member of the equality is: 


2 eae 
(=r) (or ) (4) (5r) Fr) : 
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while the second member is 


ky /;K ,;-l 
(or) S) GP) 


We hence have to prove: 

Blige ys. opel 

(GWG) = QGP - 
Let us write 4uu! = a® - Db“, with a,b ¢«2Z. The equality 
huu! + 4jk = a = Db? + ypiDijtkt € DZ implies a® ¢ DID"z . 
As D is square-free, a = D'D'x, with x eZ and we obtain 


ll 
the relation 


DIDix® + 4jtk! € ppt Z C MZ. 
1° 


This implies: 


M M 
As 
(ae) (Fr) (GENE) = (BR)? = 1, 


this completes the proof. 


We come back to the study of the kernel O (132225). 


2.9.11. Lemma: We have: 


a2 ) py 1 k : od 
T3292 =c ““(R ; i245 
oda ag vel Ty (N) u(y) “(Rg (y) we (452, 2.5) je a ) 
jez 
hE VU 


when c is a nonzero constant. 
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Proof: By 28.6, Rg(y) (152,525) = (erta)® ¥ly-1524 525) 


Let us write 
‘D3 
( o ye a ir 
¢) 1! O =! 
with ueé 6 Now 
s((- Yate) )) = ~ (er + uz, + u'z,) 
Thus 
JDJ 
JD u 
(Rely) ar12 0290) na 
0 (/Du)! 


O, if wi <0 


e(uz, +u! zitdr)* (Duu') k- L onta)Ke2itly- 1) (Dun!) 


il 


HT] 


Tf wil > O. 


It is not difficult to see that the corresponding series is 


absolutely convergent. Rearranging the terms, we obtain 2.9.11. 


2.9.12. Let us consider the decomposition of E = Elo @ E34 in 


orthogonal subspaces, with 


x 6) O xX 
sl 3 
12 0 34 0 


and S = Sio + S3y- The forms Sy and S3y are both of 
2 


signature (1,1). In the decomposition L*(g) = L (E15) ® iy (Ba) 


R, is written as Rio 4 R34: 
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We consider the lattice 


A = (( ae NE 0} in Ejo° 


Syo(F) is even-valued on A. With respect to Sj,, 


Hence DA” CA. It follows from (2.6.9) that the 


8 -distribution (& 5) = 2 o(x) on Ej is semi-invariant 
x€ 


for Rj, under the group T9(D) with character € (* ) = (S). 


As N' is a multiple of D, a, is semi-invariant under 
To(N'). Writing y = Gy,, with ge Toe NF (ut) 


Y, € To(N AT (N), we obtain 


A (1521525) =, 


49 


Py x(y,)77 


X 
w (3)x(e)72(Rg(e) Rg (v4) 48 (152 025)) ( 
4 0 


by 

JjéZ 
ne 0 
geT. NT, (N') 


Writing R,(g) = Rj 5 (8) ® R3, (8), this is: 


mal 


z xy)" ie u (4) €(e) x(e)7" (Rg (B)Rg (vg) ¥8(4524520))( eK 


re 9 
geT AT (N') 


O x 
2.9.13. Let us write (x3 5%, ) for the point Gy =) of Ea: 


We now calculate, for a function qm on Ey: the distribution: 
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(We will see in the proof that indeed 6, is a distribution.) 


y 
Let us use the operator 7 y of 2.5.6 which transforms the 

i? 
representation R34 to the natural representation U of SL(2,R) 


in R. uy ) is given by the Partial Fourier Transform in X3- 
1? 


Writing (x,y) or 7) for xP + yQ and using Poisson 


summation formula, we get: 


Eu (J)(R3y(e)-) (A? 50) 


jez 
= weg Zn (Ryy(@)-@) (Gee + JDJ 20) 
= VB)" BUI CG) ule) Fp, , go) bo) 
= (0) 2 x is oF g*-(4)) 
2p) > * PIG IaC 5) Sy, 00) Fs ge (3)) 


(j,N')=1 


as ¥Ca)(d) is 0 Af Jj 4s not invertible mod Nt. 


Let us consider the action of To(N') on ZP@®ZQ. The 
orbit of the point (4) is the set ((y%,)s with (a,N'c) = 1). 
Any element bara) with (m,N') = 1, is thus of the form 
je(3)» with (j,N') =1 and ge Ty(N'). Thus we obtain: 


€ “les u (3) (Ray(e)-9) Be,0)) 
get SE" (g)(x(g)) oe 3u (8) -) pre 
= (/5)"* 2 WT (B)(Lp 29) (Fs ms Fy Nn) 
qr 2 (3) of SS, 
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by using "again" Poisson summation formula. We have proved: 
JDj Nk 
2soe lt. (520) = Ne 2 u (Jj) o( Gre»). 


Thus up to a multiplicative constant, we obtain the identity: 


2.9.15. A(t3Zys25) = 


. , 3 
: xy.) gee (J)(Roly5)-9 (24282) : ). 
he O JD 


Let us define on E the distribution Cys where 


(C50) = 
x woe 
ne x(y,)77 een” | = ™] 
! » Ke : ' 
eT y(n Neo) a = N 
ivee. = z (yg )77 Bg l¥g)7 7 (8@ 5) 


X 
y,eFg (nt NE (N) 
the equality 2.9.15 is then 
Q. (13z,,z2,) = (Cc KX (r32-52 )) 
yee ye eee 


We now determine a system of representatives of To(N") Ty (N) 


Let us consider DS a divisor of D'. We write D! = DiDs- 


As D is square free, (D},D3) =l. As (ND},D4) = 1, we can 
i] 

pe ee Pe 

1 ND} gq 


2.9.16. Lemma: A set of representatives of Ton Ato(w) is 


find (p,q) such that oa 


-<l,1 x 
(ann(g 4)3 
varies in Z /D5Z . 


where D! varies over the divisors of D' and x 


A. 


Proof: Let us consider the natural action of Tw) on ZP + ZZQ 
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_ 7a db 1, _;¢a ON cc 
We have, for y = ne qa)? y- (6) = (Ne): let (c,D') =D!, 


Ds = D'/D} - Then (Ne, D4) = 1 and (Nc,a) = 1. We thus can 


find (p',q') such that 


ee. ges Eth) 


Ne tat 
Did 
1 1 = 
Now y'-(5) = vq) = (y'-a),) af; (5). But remark that 
1 al 
y'a., € T.(N'). Hence we obtain y = ler eed *) | with 
Di 6) Dd) Oo 1 


y" € To(N'). The lemma follows, as 251 (9 e 


and only if xeé DhZ . 


2.9.17. Lemma: 


DIN 
2.0 
D! ) ° a > e(D,N) Dye (SNE ot 


Bien oe 
1 D"D}’ D"DY D"DIA*+A 


when c(D,N) is a constant depending only of D and N. 


Proof: We apply 2.6.11 Let k € A’, we need to calculate: 


_ t 
imD,, 


ein 
- (k, 
‘ays (y) Noy ¥) —ypr“$ Ck) | 


c(0,k) = e 


yen/SDt A . 


let yoe AN NDIA*, then S(y,) ¢ 2NDIZ. If we apply the 


translation y>y+# Yo» we obtain the equality: 
NOT 1V 
c(0,k) = e e(0,k) . 


Hence c(0,k) = 0, unless 


k 
Wot € | 


AM NDIA*)*, i.e. ke ND! \* ro ae 
1 


1 
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As N=N,D" with (Nj,D) =1 and DAW C Ay 


D"DIA* = D"D4 (NoA*+DA™) c ND!A* eh ves 


ra*® ~ Hina * 
NDJA +A =D DiA +A. 


We suppose now k eé¢ D'DSA* +A. Remark that Dik € A. 
Applying the translation yry+ Dik» we then have: 
~inggrs (y) 


e(0,k) = = e = c(0,0). (Recall that 
yeA/ND} A 


1 =, t t tt t = 
Let us write ND} = N,D"D}. As (No»D Dj) 1, we can 


= tng 
write every \ € A onthe form \ = Nohy + D Dido» where LT 


ranges over A/D"D4A and , ranges over A/Nof - We obtain: 


~imTqNy 
—prs{y) 
c(0,0) = C)Co, with c, = = e and 
yeA/D"DjA 
D"D} 
-itg Sly) 
Co = 2 e 0 
yeA/N_A 
6) 
The number Co is standard to calculate: No is prime to D. 
Decomposing No in prime Nes we can diagonalize S over Z/nZ. 
As dim E,, = 2, we see from 4.3 that c, depends only of the 


ie 2 


denominator No: 
We now calculate c,. Choosing ope as basis of & 


we obtain: 
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~2ir proq (a* DtabD+b® ( (D-1)/4)) 
1 


€ 3 


Cy Py 
aceZ /D"D)Z 


bez /D"DI Z 
t! 1 
i.e. as D Di divides D aN, : 
2it we ((1-D)/4)b 
D Ds 


= (D"D}) 2 e 
beZ /D"DIZ 


As qD} = 1 mod D'D!, this concludes the proof of the Lemma 2.9.17. 


Bld 


2.9.18. We now analyze R3y (aps) 5, Using the operator 6,6," 


we Nave: 
(Ray lap) 80S, g 9) 


(yl j -1_ yo Nik 
= DE 5B) KT (Uleps 9) aaa) 


The set {(jP + N'kQ; j,k € Z} is transformed by “pt 


into the set (D5 J'P + ND}K'Q; j',k' € Z). The formula 


D! ' 
apy (ii) = (P2 J ) determines J = qD4j' - pND}k'. As yx ds 


a character mod N and qD, = 1 mod N, x(j) = x(Jj'). We write 


De D"DD3- We have jz j' mod D"D}; j= k' mod DS. Thus 
id _ 2 ' kt 
(5) = (p45) ir) = (spr) (Gp) - 


We obtain thus: 


DS Jj ND!k 
= D -1 2 k n 2 ie 
(/D) J, kez (Spy) 6) Dp) o( aii lay ) 


i) 
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Introducing the classes of Jj mod ND}; we need to calculate: 


_ eithj 
ND! 
uh) = Sh) RUT (ie) @ 
i jeZZ /DiNZ ak 
As (D},N) = 1, writing j = DjJ, + Njos we obtain 
D! N 
Ups (h) = (nr) XCDL) (pr) Yolh) vps () 
with 
einmhj 
Uo (h) = a =) xd) e " 
jez /NZ 
and einrjh 
DY 1/2 ;h 
pith) = BA) Oy Glan 
1 jeZ /D}Z 1 1 1 
Hence 
(R34 (eps) 6,900) 
D! ND! k 
Te ok N Ife ee a Dede oe 
= Je (GH) XUDTT (Gr) (DY) Eps B wo (d) (Be) (gp) oe a) 
We have 
D! — DIN 18 ad 8 je 
1,, N 2 0 _ (Nt 2 
Nfs grea 


1 ' = By (a: 
€_., using the relation Cag a 


Thus 
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(Rg lap, ) -( 0,9 6 )s0) 


fD J 
"UBT vt 2) (4) supa) (E) of * 
=c (Dl) D! (a-)(ar) 2 u Hr/ © 
Lewd *dy"*D jez a 2 NDjk 
keZ — 
xed"p! Bre e 
1 JD 
We now calculate: C_, 
DisX 
-l,;l x,,\-1 1 x 
z (OD) Ro (G 7) Ro laps) -(8@ 6) 
xe /piz P49 1 SOS DE Rey 
If 
orl 
N 
re d'p 246,58 =-2(n'- Hf) 2B 
ND}k 2 2 
See at 
/D 
Hence 
/D 3 
DX ms 
Re (5 1)°9) 
xeZ /D4Z NDI 
as 4A 
JD 
-2imx(ant-ds)} J x» Bb 
= 2 e€ 2 “® ; #04 
xeZ/DLZ NDjk \! 
jk ‘ on 
only if i! - Hr ¢ @ In this case this is Ds °! no, 
2 a ! 
JD 


0 
We remark that if } ¢ A and i\xX' € Z/D!, then 


h € D"D} & +0. As x(apy) = x(D4) > we obtain 
1 
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ey ie " JD j 
= em(—2) (2 ee , 
(Ch yee) = C (pr) Gyn) ee uo I) (pr) (pr) +( roy : 
D 


We write JDj_ D'S. por p"p!p! = D= 1 mod 4, we have: 


Df. Dt nD! DID" 2D! 
2 
(Se) Cat) (Be) Gat) = (Ee) wtp) = Epub = Ege)” = Ge) 
1 i. “2 2 2 i uf 1 
Hence, we rewrite: 
‘WO 
-1 k 
(Coy oo) =e —E_, (Brug (He) (gr) (Gr) © 
yp d€6 1 1 2 Nk ! 
jeD Z 
os YD 
wn! Sez 
and the distribution ov is proportional to the distribution 
where 
(Viy0) = EB By (GG) ug (gh) » zs 
X ; mde “DS DS DA -O"D 
D!|D eb Lal 42 
1 tt Nk x! 
jeD 2 7D 
keD\Z : 
rtd Ker, 


-k 


u Uy;Vy;-l u 
2 2 Yo lpr) (pr) (pp) (gr) Q2yt a! 2oty “NV2 29) 


Then we obtain an identity analogous to Zagier identity [25]. 
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2.9.19. Theorem: We have the identity: 


foe] 


: _ 8) k-1 ,n 
0, (1324525) = = wy nl 21929) n G(r) 


ao 


a wy nl2 929) n 


Hl 


k=l 2imnt 
e . 


It remains to see that the forms w (z,,z,) are Hilbert 
yon 1’? "e 


modular forms for the congruence subgroup Ty (N58). This will 


follows from the: 


2.9.20. Proposition: The distribution i is semi-invariant 
under To (Ns). 


Proof: Let us consider the automorphism of E given by 


1 0, Jl 0-2 
xy y) X(Q yl 


The transformed distribution ve under this automorphism is: 


J 
X —— 
(Vise) = BB a (Fe bug (gh) (gr) (gy) | ' at 
D 


and we need to prove that Wy is semi-invariant under the 


action of the subgroup T!(0) = ((? 3) € SL(2,0)3 be NO}. 


Let us consider the distribution 


, » of 
(Duo) = Fy sol) ® | 75 | 
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Recall that we have defined the function Vp: on Ly 
in 2.9.10. We have V' =v,,D.. Thus, as v,, is invariant 
x Dx D 
under the full group SL(2,0), we only have to prove that Dy 


is semi-invariant under tT (0). We have: 


J J 
1 u 2 
fa Nb x a! -Nb! oS 
oe a ae a c! a! 2 a 
with Jj, = aa'j, - N°(bb')k, + N(a'by! - abt) VD . 
Jy*y 
Now if j, ¢ D"Z and Xi! - 5 € Z, this implies 


Dir! € D"Z, hence (/D x) ¢ D'O+GO/D and (a'by!' - ab'x)/D € D'Z 


As D" divides N, we see that Jn € D"Z and that 
Jo Jy 


oT aa! p” mod N; the proposition is then clear. 
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Bibliographical Notes. 


Section 2.1: The model of the representation W as an 
induced representation by a cocompact subgroup of N is due to 
P. Cartier [4] in view of applications to theta functions. A 
further reference is also L. Auslander and R. Tolimieri [2]. 

Section 2.2: The results of this section are classical. 

We have benefitted from notes of Harold Stark [32] and of 
the articles of G. Shimura [30] and T. Shintani [31]. 

The Theorem 2.2.10 is a symmetric way to express 
reciprocity relations between these Gauss sums d( £5545) 
(Formula 2.2.8), 

We follow in the proof of 2.2.18 the text of S. Lang [18] 
and refer to it for basic definitions and properties of the 
quadratic residue symbol (we have adopted the convention of 
Shimura [30]). 

The computation of k(g) is due to Igusa [13]. The proof 
given here relies on the Theorem (1.7.6) of Part I. 

The function v, (2.2.33) appears as the "lowest energy 
state" in many contexts. We didn't discuss here the Fock model 
for the representation W of the Heisenberg group, to which 
this vector is intimately related. We refer to Bargmann [3] 
as the basic reference, for this realization. 

The article of Weil [36] is an underlying reference. 

Section 2.3: More information on the group SL(2,R) and on the 
K-decomposition of the representation Ty 0 can be found in the 


book [19] of S. Lang. 


eee 


For Poincare series and the Petersson inner product, we 
refer to Lehner J. ({20], Chapter VIII). 

Section 2.4: The Theorem 2.4.9 in this precise form is due 
to G. Shimura {30]. The fact that the representation R isa 
sum of two irreducible representationsof the symplectic group in 
even and odd functions goes back to D. Shale [29]. 

Section 2.5: The main references for this section are 
Rallis-Schiffmann [22]-[23], R. Howe [11] and M. F. Vigneras [35]. 

The Proposition 2.5.6 is due to I. Segal [27]. 

The decomposition of the representation R, of SL(2,R) x O(p) 
is given by M. Saito [26]. 

The isomorphism of the symplectic Lie aglebra sp(B) with 
the Lie my of differential operators (Pyq, + G5Pys PyPy, a34,} 
with q = ox,’ Py = X43 is at the basis of the infinitesimal 
formula 2.5.13. We refer to A. A. Kirillov [16] for the infinitesi- 
mal corresponding formulas. 

The Theorem 2.5.24 is basically due to M. F. Vigneras [35]. 

We explicit from 2.5.25 to 2.5.31 the following idea of 
R. Howe [12]: the explicit decomposition of the tensor product 
of representation Ty. of the holomorphic discrete series with 
the representation Ty» of the antiholomorphic discrete series, 
as determined by E. Gutkin [9] and J. Repka [25] should lead us 
to the results of Rallis and Schiffmann. Following this line, we 
obtained the Theorem 2.5.28, which gives a simple proof of the 


needed results of ((22]-[23]). 
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We are indebted to Victor Kac for pointing out to us the 
modular forms constructed by Hecke in [10], and to Dale Petersson 
for discussing the proof of Hecke [10] that we reproduce here 
(2.5.34). 

The paragraphs 2.5.37-2.5.44 summarize results of [15]: 

We determined in this article all possible covariant holomorphic 
maps from the Siegel upper-half plane D to the space of Ro 
transforming according to the automorphy factor +(CZ+D), for 

+ a finite dimensional representation of GL(n,C). 

Section 2.6: The Theorem 2.6.9 in this precise form is due 
to G. Shimura [30]. 

The Proposition 2.6.11 in this form is due to T. Shintani [31]. 

The Theorem 2.6.16 is due to Hecke [10]. 

The Theorem 2.6.20 is due to A. Andrianov [1]. Our proof 
is based on the Theorem 1.7.6 of Part I. 

section 2.7: The main reference of this section is 
G. Shimura [30]. 

The idea of using the Weil representation associated to a 
form of signature (2,1) is due to Niwa [21] and Shintani [31]. 

The proof of 2.7.25 is based on the general approach of 
Rallis-Schiffmann [24] to Zagier identity. 

Section 2.8: The main reference is D. Zagier [37]. Our 


approach is based on Rallis-Schiffmann [24]. 
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The Theorem 2.8.16 is due to Zagier. Our proof follows 
the general line of Rallis-Schiffmann [24]. 

Section 2.9: The main result (Theorem 2.9.1) of this 
section is due to the author. This theorem was conjectured by 
H. Cohen [5] who also determined transformation properties of 
c on some subgroup of To (Ns) sone 

Our approach is based on the explicit computation of the 


kernel of this correspondence in the form of a 4-series. This 


approach was suggested to us by the article of Kudla [17]. 
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